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Abstract

Csikvari, Gyarmati and Sarkozy asked whether there exist Ramsey type theorems
for the equations a +b = ¢d and ab + 1 = cd in Z,, for large enough m. In
this paper it is proved that for any r-colouring of Z,, the more general equation
a1 + -+ + a, = cd has a nontrivial monochromatic solution. Furthermore, an
example is presented which shows that the corresponding statement does not hold
for the equation ab + 1 = cd. We reformulate this problem with an additional
natural condition, and give a partial positive answer.

1. Introduction

Sérkozy [10], [11] proved that if A, B,C,D are "large enough” subsets of Z,, then
the equations
a+b=cd (1)

and
ab+1=cd (2)

can be solved with a € A,b € B,c € C,d € D. Gyarmati and Sarkozy [5] generalized
these results on the solvability of (1) and (2) to finite fields. Moreover, there are
several papers written on the solvability of equations similar to (1) and (2) over a
finite field, especially over Z,,. (See for example, [3], [4].) It is natural to consider the
solvability of these equations in Z,,, as well ([8]). However, in [1] and [5] the authors
note that for composite m no density-type theorem can be proved for equations (1)
and (2) in Z,,, which shows that Z, and Z,, behave differently. Furthermore, it is
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asked whether there exist Ramsey type results: Is it true that for every r-colouring
of Z,, equation (1) (or (2)) has a monochromatic solution, if r, the number of
colours, is fixed and m > N(r)?

Problem 1. Are there Ramsey type results on the solvability of (1), resp. (2) in
Do ?

Hindman answered the analogue of this question over N positively ([6]). He
showed that for every r-colouring of N the equation a; + -+ 4+ a, = b1 ...b, has a

solution where not only the numbers ay,...,an,b1,...,b,, but also the sums Y a;
iel
(where § # I C {1,...,n}) and products [] b; (where § # J C {1,...,n}) are
JjeJ

n

all distinct (except > a; and b;), and all of these sums and products have the
i=1 1

same colour. ’
In this paper we consider Problem 1 in Z,,. First note that in the case of equation
(1) trivial monochromatic solutions like 0+0 = 0-0 or 2+ 2 = 2- 2 exist, naturally
these have to be excluded. This kind of solution, where a = b = ¢ = d is called
trivial. In Section 2 we prove that a nontrivial monochromatic solution of (1)
always exists. On the other hand in Section 3 a counterexample is presented in the
case of equation (2), namely we show a colouring of Z,, for infinitely many m such
that (2) does not have a monochromatic solution. Therefore, instead of m > N(r)
the condition p(m) > N(r) (where p(m) denotes the smallest prime divisor of m)
has to be assumed, otherwise no Ramsey type result exists. Finally, we show that
the answer is affirmative to this modified question in the special case when m is

1 < 1
/4 = /70
plm b 10
the paper the notion (a),, is going to be used for the modulo m residue class of
a € Z if more than one moduli are used.

a squarefree number satisfying r Z . To avoid confusion, throughout

2. The equation a; +---+a, = cd

In this section the equation a 4+ b = cd, and more generally, the equation a; +--- +
an = cd will be studied. The case of prime moduli is well-known by the following
theorem of Sarkozy:

Theorem A (Sarkézy, [10]). If p is a prime, A, B,C,D C Z,, |A||B||C||D| > p?,
then equation (1) has a solution in Z, satisfying a € A,be B,ceC,deD.

In Theorem A the prime p cannot be replaced by an arbitrary m € N. Moreover,
there is no density theorem for equation (1) in Z,, for arbitrary m, that is, there
exists a constant ¢ > 0 such that for infinitely many m there exists a set A C Z,,
having at least ¢m elements such that (1) does not have a solution in A.
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Example 2.1. Let 4m and A = {3,7,11,...,m — 1} C Z,,. The size of A is .
If a,b,c,d € A, then a+b=2 (mod 4), cd =1 (mod 4), hence (1) does not have a

solution in A.

Now our aim is to prove that while there is no density theorem, a Ramsey type
result exists for the equation a + b = cd over Z,,. Note that in general there are
many trivial solutions. First we have to determine all the trivial solutions, and to

T
do this we have to solve the congruence a? = 2a (mod m). Let m = [] p{ be
i=1

the canonical form of the number m. By the Chinese Remainder Theorem, it is
enough to determine the trivial solutions in Zp?i. Let us denote the number of
solutions of the congruence a? = 2a (mod p®) by s(p®). The following cases have
to be considered:

e p > 2: the congruence a? = 2a (mod p®) has 2 solutions, namely a = 0 and

a = 2, hence s(p%) = 2.
e p® =2: a =0 is the only solution: s(2) = 1.
e p® = 4: the 2 solutions are a =0 and a = 2, so s(4) = 2.

e p=2,a > 3: there are four solutions: a = 0,2,2%71, 2471 + 2 hence s(2%) =
4.

By the Chinese Remainder Theorem, the congruence a + b = c¢d (mod m) has

IT s(p?) trivial solutions.
i=1

Naturally, our goal is to prove that there exists a nontrivial solution of (1), as
well. To see this we will show that even the more general equation

a1+ +ap, =cd (3)
always has a monochromatic solution such that ay,...,a,,c,d € Z,, are pairwise
distinct. These solutions, where a1, ...,an,c,d € Z,, are pairwise distinct, will be

called primitive. The proof of this result is based on the following version of Rado’s
theorem ([7], Theorem 9.4):

Rado’s Theorem. Let v > 2. Let ¢; € Z\ {0}, 1 < i < v be constants such
that there exists a nonempty set D C {i : 1 < i < v} with > ¢; = 0. If there
€D

U
exist distinct (not necessarily positive) integers y; such that Y c¢;y; = 0, then for
i=1
every natural number r there exists some t such that for every r-colouring of the set
{1,2,...,t} the equation

11+ -+, =0

has a monochromatic solution by, ..., b, in {1,2,... t}, where the b;-s are distinct.
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For more details on Rado’s theorems, see [2], [7] and [9]. The following observa-
tion is also needed:

Lemma 1. Let T € N and N =TT, If m > N, then m has a prime power divisor
greater than T.

Proof. For the sake of contradiction, suppose the contrary. Then each prime divisor
of m is at most T, therefore m is the product of at most T prime powers. Since
each prime power divisor is at most T, we have that m < T7T, which contradicts
our assumption. O

Theorem 2. For every n,r € N there exists some N = N(n,r) such that for every
N < m € N and every r-colouring of Z, equation (3) has a primitive monochro-
matic solution in L,

Proof. First assume that n > 2. Let a; = (1—n)+2(i—1) (fori=1,...,n),y =
n,0 = —n. Note that the numbers aj,...,a,,,d are distinct integers and oy +
<o+ +ay —ny —nd = 0. Therefore, the equation ay + -+ + o, —ny —nd =0 has a
solution in Z where the «;,~y, § are distinct. Moreover, the sum of the coefficients of
Q1y.e ey Qp,yis 14+ - -+1—n = 0, thus the equation a;+- - -+, —ny—nd = 0 satisfies
the conditions of Rado’s theorem, so the equation has a primitive monochromatic
solution in {1,2,..., K} for every r-colouring of {1,2,..., K}, if K is large enough,
say K > K. Let C = max (Ko, r*(n +2)?).

Take an arbitrary r-colouring of Z,,. By applying Lemma 1 with T = C® we
obtain that if m > N = T7, then m has a prime power divisor greater than T.

Now we prove that N = T7 satisfies the condition of the theorem. In the proof
we distinguish two cases: the prime power divisor guaranteed by Lemma 1 is itself
a prime or it is not.

As the first case suppose that p > r*(n + 2)* is a prime divisor of m such
that p? f m. Therefore, p and m/p are coprime, since p f m/p. For 1 < i < p
define the mod m residue class (z;),, by the congruences xz; = ¢ (mod p) and
z; = 0 (mod m/p). Now, we define an r-colouring of Z,, depending on the given r-
colouring of Z,, in the following way: For 1 < i < p let the colour of (i), € Z, be the
colour of (;).,. Note that Z,, is coloured by r colours, so we can choose (at least) £
elements having the same colour. Let us denote the set of these (at least) £ elements
by §. Now we partition S C Z, into n + 2 disjoint sets Sy, ..., Sp+2 € S such that
the size of any two of them differ by at most 1. Since p > r4(n + 2)* > 2r(n + 2),
each of the sets S; has size at least \_T(nimj > 2T(7’L’+2). Now let A,B,C,D C Z,
be defined in the following way: A =81, B=8Sy+ -+ S, = {sa+ -+ su|s2 €
Say.oov8n € Su}, C = Spi1, D = Sui2. By p > ri(n + 2)* we obtain that

4
|A||Bl|IC||D| > (ﬁ > p3, so Theorem A can be applied, which yields that
there exist a € A,b € B,c € C,d € D such that a +b = cd in Z,. As b € B,




INTEGERS: 12 (2012) )

we have b = as + --- + a, for some a; € S;. Let a; = a. Therefore, there exist
ai,...,an,c,d € {1,2,...,p} such that the corresponding mod p residue classes
have the same colour, and the congruence

ay + -+ a, = cd (mod p)

holds. The elements (g, )m, - - -, (Za, )m, (Xc)ms (Td)m € Zyn, have the same colour
with (a1)p, ..., (an)p, (¢)p, (d)p € Z,, moreover they are distinct, since (a1)p, ...,
(an)p, (€)p, (d)p € Z,, are distinct as well. Furthermore, (g, )m; - - -, (Za, Jms (Tc)m,
(x4)m is a solution of (3), since

b (xal)m/p e (xan)m/p = (xC)m/p(xd)m/p (mOd m/p), as
x; =0 (mod m/p) for every i, and

o (Zay)p-- (Za,)p = (ze)p(xa)p (mod p), as z; = i (mod p) for every i and
aj...a, = cd (mod p).

Hence, (Zay)m,-- - (Ta, )ms (Te)m, (X4)m form a primitive monochromatic solution
of (3) in Z,y,.

As the 2nd case assume that for a prime power (but not prime) p! > C? we have
pt|m, where t > 2 and t is the largest integer such that pt|m. Let to = [t/2]. As
to > t/3, we have p® > C. We show that a monochromatic solution of the equation
a4+ -+ a, = ed (mod m) can be found among the residue classes of the form
(y - 7t +n)m. Note that the congruence

m m
p m p m

(7.;?0+n>m (5.;;+n)m (mod m) (4)

is equivalent to
i + -+ a, =ny+nd (mod p').

As the next step we define an r-colouring of N depending on the given r-colouring
of Z,,. Let the colour of y € N be the colour of (y - p% +N)m € Ly,

Since C' > Ky, Rado’s theorem implies that there exist distinct integers aj, ...,
Qn, 7,0 € {1,2,...,C} having the same colour and satisfying a; +- - -+, —ny—nd =
0. The residue classes a; = (@ - 375 + 1), ¢ = (V- gic T )m,d = (6 355 +n)m give
a solution of (3), moreover they are distinct, since ay,...,a,,7,d € {1,2,...,C}
are distinct and p' > C.

Finally, let us examine the case when n = 1. By Rado’s theorem for every r € N
there exists some M = M(r) such that for every r-colouring of N the equation
a = v+ § has a primitive monochromatic solution in {1,...,M}. Suppose that

2M < m and take an arbitrary r-colouring of Z,,. Define a colouring of N in the
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following way: Let the colour of a € N be the colour of (2%),, in Z,,. Rado’s
theorem yields that there exist three distinct positive integers «,vy,0 € {1,..., M}
having the same colour such that & = v+ 4. Then a = (2%),,¢ = (27)m,d = (2°)m
is a primitive monochromatic solution of a = ¢d in Z,,.
Hence, we showed that if m > N = T7 then (3) has a nontrivial monochromatic
solution in Z,,.
O

3. The equation ab+ 1 = cd

In this section equation (2) will be studied. First, we will show that if m has a
small prime divisor, then there is no Ramsey type theorem on the solvability of
ab+1=cd in Z,, in the classical sense: If we fix the number of colours » and m is
large enough, then a monochromatic solution need not exist.

Example 3.1. Let plm and the colour of (x),, € Z,, be the mod p residue class
containing . If (@)m, (O)m, (€)m, (A)m € Zn, have the same colour, then ab =
cd (mod p), so ab+1# cd in Zy,.

In this example we coloured Z,, by p colours, where p|m, and there is no
monochromatic solution of the equation ab + 1 = cd, which shows that the least
prime divisor of m, denoted by p(m), has to be greater than the number of colours.
To exclude counterexamples of this kind we reformulate the problem in the following
way:

Problem 2. Are there Ramsey type results on the solvability of ab+1 = cd in Zp,

if r, the number of colours is fized and p(m) is large enough in terms of r?

We give a partial positive answer to this question, namely we show that the
answer is affirmative, if m is squarefree and

1 1

r —— < —.

p%;l pl/4 = /10
To prove this result the following theorem of Sarkozy is needed:
Theorem B (Sarkézy, [11]). If p is a prime, A,B,C,D C Z,, |A||B||C||D| >
100p3, then the equation ab+ 1 = cd has a solution in Z, satisfying a € A,b €
B,ceC,deD.

Now we are ready to solve Problem 2 under a certain condition.

Theorem 3. Let m = py...ps be the product of s different primes. Let A C Z,
1A

S
1 «o . L
and o = 2. If ZW < \/—TO, then there exist a,b,c,d € A satisfying the
i=1Pj

equation ab+ 1 = cd.
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Proof. The main idea of the proof is to solve the congruence system ab + 1 =
cd (mod p;) (for 1 < i < s) step by step. Our aim is to obtain a solution finally where
(@)ms (O)m, (¢)m, (d)m liein A. As the first step we show that the following statement

holds: Let m = mims .. .mlsf,uwhere mi, Ma, ..., Mg are pairwise coprime. Let A C

Loy, = Ly X+ = X L, o« = =2 and g, . . ., o > O satisfying ag +- - -+as < . Then
there exist sets Ay C Zp,,, Aj(ar,...,a;-1) C Zp,, (for every a; € Ay, as € Az(ar),
and so on, aj_1 € Aj_1(a1,...,aj_2)) satisfying the following conditions:

[ |A1| 2 a1miy

e For every 2 < j < r, for every a; € A, for every ay € As(ay), for ev-
ery asz € As(ai,a2) and so on, for every a;—1 € Aj_1(ai1,...,a;_2) the set
Aj(a1,...,a;-1) has at least a;m; elements.

o Ifa; € Ay, a0 € Ax(aq),...,as € As(ay,...,as—1), then (ay,...,as) € A.

So Aj(ai,...,a;-1) C Zy,, contains at least a;m; possible continuations of the
vector (ai,...,a;5-1) € Zpm, X -++ X Ly,,_,. More precisely, we could add at least
a;my; elements a; € Zp,, as the j-th coordinate to the vector (a1,...,a5-1) such

that after the s-th step we have vectors belonging to A C Zy,, X -+ X Zy,,.

We prove this assertion by induction on s. For s = 1 the statement holds trivially.
Let s = 2. Let Az(a1) = {az2 € Zn, : (a1,a2) € A}. Then let Ay = {a1 € Zp, :
[A2(a1)| > agma}. As A= U {a1} x Az(aq)U U {a1} x Az2(a1), we have

a1 €A, aleZml\Al
amimg = |A| < |Ar|me + (m1 — | A1]|)agms < |Aj|lmg + aomime.

Thus the size of A; is at least acymy, as needed. Applying this repeatedly we get
that the statement is true for every s > 2 as well.

This implies that in Z,,, x -+ X Z,,, at least aym; first coordinates can be
chosen, the set A; contains them. For every a; € Aj, asms second coordinates
can be chosen, the set As(a;) contains them. And so on. Finally, aym, s-th
coordinates can be chosen in such a way that all of the elements (aj,as,...,as)
obtained in Z,,, X -+ X Z,,, lie in A.

As the second step let m = p1...ps. As Zy, = Zy, X -+ X Zyp, by the Chinese
Remainder theorem, the modulo m residue class of a can be identified by an ordered
s-tuple where the jth coordinate is the mod p; residue of the residue class of a:
a < (a,...,as), where (a),, = (a;),, for every 1 < j < s. Solving the equation
ab+1=cdin A C Z,, is equivalent to solve the system of equations a;b; + 1 = ¢;d;
in Z,, (where 1 < i < s) in such a way that (a1,...,as), (b1,...,bs),(c1,...,¢s),
(d1,...,ds) € A. We have just proved that for every aq,...,as; > 0 satisfying
a1 + -+ ay < a subsets Aj(al, e aj,l) C Z,,; can be chosen which satisfy the
following conditions:
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o |Ai| > aipr.

e For every 2 < j < s, for every a1 € Ay, for every as € As(ay), for ev-
ery az € As(a1,a2) and so on, for every aj_1 € Aj_1(ai,...,aj_2) the set
Aj;(a1,...,a;-1) has at least a;p; elements,

e Ifa; € Ay, a0 € Ax(aq),...,as € As(as,...,as—1), then (as,...,as) € A.

As a next step we are going to apply Theorem B repeatedly. In order to do this
the inequalities (ajp;)* > 10()p? (1 < j < s) have to hold. Therefore, let a; = %
(for every 1 < j < s). Now note that i a; = V10 i ﬁ < «, so the previ-
=1 i=1P;

ous statement can be applied, and the jsets Ajlaq, .. .], a;j—1) can be chosen. As
|A1| > aip1, Theorem B yields that the equation a1by + 1 = ¢1dy (in Z,, ) can be
solved in A;. Fix this solution. Since each of the sets Az (a1),.A2(b1),Az(c1),Aa(d1)
has cardinality at least aspa, the equation agbe + 1 = cads (in Z,,) has a solution
such that as € As(a1),bs € Aa(b1),ca € Aa(c1),ds € Az(dy). In the general step
ay,...,a;,b1,...,bj,c1,...,¢5,d1,...,d; are already fixed. Since each of the sets
Ajpilar, ... a5), Ajpi(b, ..., b5), Ajzi(er, ..., ¢5), Ajpa(dy,. .., d;) has cardinal-
ity at least o y1p;41, the equation aj1bj41+1 = ¢j11d;j11 (inZy,,, ) has a solution
such that ajt+1 € Aj+1(a1, ey aj), bj+1 S .Aj+1(b17 ey bj), Cjt+1 € Aj+1(01, ey Cj),
djy1 € Ajyi(di,...,d;). At the end, since each of the sets As(ai,...,as—1),
Ag(by, ... bs—1), As(ct, ... cs-1), As(dy,...,ds—1) has cardinality at least aps,
the equation asbs+1 = ¢sds (in Z,,,) has a solution such that as € Ag(aq,...,as-1),

bs € .As(bl, ey bsfl), Cs € .AS(Cl, Cey 0871), ds € As(dh . ,dsfl).
Therefore, for a = (a,...,as),b = (b1,...,bs),c=(c1,...,¢5),d = (dy,...,ds) €

A we have ab+ 1 = cd (in Z,,).

O
Corollary 4. Let m = p; ...ps be the product of s different primes. If r Z 71 <
j=1P;
\/%, then for every r-colouring of Z,, the equation ab+1 = cd has a monochromatic

solution.
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