A SUMSET VERSION OF A CONJECTURE OF PILZ
JANOS NACY AND PETER PAL PACH

ABSTRACT. Pilz’s conjecture states that for any finite set A = {a1,as,...,ax} of positive in-
tegers and positive integer n in the union of the sets {a1, 2a1,...,na1}, ..., {ag, 2ax, ..., nag}
(considered as a multiset) at least n values appear an odd number of times. In this
short note we consider a variant of this problem. Namely, we show that in the sumset
{a1,2a1,...,na1} + -+ {ag, 2ax, ... ,na;} (considered as a multiset) at least n values ap-
pear an odd number of times.

1. INTRODUCTION

In 1992 Pilz [5] formulated a conjecture about the minimal distance of a certain near-ring
code. For our purposes it is convenient to formulate the conjecture in the following way:

Conjecture 1.1. If n > 1 and A is a finite set of positive integers, then the size of the
symmetric difference of the sets A,2-A,...,n- A is at least n.

Here we denote by i - A = iA the dilation of the set A by a factor i:
i-A:={ia: a€ A}

Recall that the symmetric difference CA D of two sets, C, D, is the set of elements that belong
to exactly one of C, D, that is, CAD = (CUD)\ (CND)=(C\D)U(D\C). Note that
A is associative, for given sets C1, ..., C,,, their symmetric difference C1A ... AC,, is simply
the set of elements that belong to precisely an odd number of sets C;. The particular case of
Pilz’s conjecture where A = [k] = {1,2,...,k} for some k € Z" was eventually established
independently by Huang, Ke and Pilz [2] and by the second named author and C. Szabé [3].
The general case remains open. There are several examples when the size of the symmetric
difference is ezactly n, for instance, when A is a singleton or A = [n]. The currently known
best lower bound for |[AA(2A)A ... A(nA)| is where A\ &~ 0.2223. [3] For more on
Pilz’s conjecture see also [II, Section 1.4]

For two finite sets A, B of integers let us define AVB to be the set of those elements

that can be represented as ab (a € A,b € B) in an odd number of ways. Note that for
A=A{a,...,ar} and B = {by,...,bs} we have

AVB = (@B)A ... A(a,B) = (b AA ... A(bA).

By this notation Conjecture states that AV([n] has size at least n for every finite
A C Z*. We may switch to additive notation as follows. For finite sets A, B C Z, or more
generally, for finite subsets of the integer grid A, B C Z" let A® B be the set of those elements
that can be represented as a + b (a € A,b € B) in an odd number of ways. Let py,pa, ..., p,
denote the primes up n. Write each k£ < n in the form pi" ...p% and assign the “exponent
vector” vy = (ay,...,q,) to k. Let Sy = {v1,va,...,v;} C Z" = Z™™. For instance, in case
of n =4 we get the L-shape S; = {(0,0),(1,0),(0,1),(2,0)} C Z>.
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By this notation Conjecture states that |S, @ A| > n for any finite set A C Z™™,
Alternatively, the conjecture states that the symmetric difference of finitely many translates
of S, always has size at least n. It is a nice exercise to show that |[S & A| > |S| holds if
S ={0,1}" is a 2-cube, Pilz’s conjecture states that S = S, also satisfies this inequality.

However, in general, the inequality |S @ A| > |S| may not hold, already in dimension 1,
the set S @ A can be much smaller than S. For instance, for S = [n] and A = {0,1} we
get that the set S@® A = {1,n + 1} has only two elements. For the inequality to hold we
shall require further conditions on the sets S and A. In this note we consider the following
(1-dimensional) sumset variant of Pilz’s conjecture:

Question 1.2. s is true that |S; ® So @ -+ ® Sk| > n, if each S; is of the form S; =
{a;,2a;, ... ,na;} for some a; € Z+7?

We answer this question in the affirmative:

Theorem 1.3. Let n, k be positive integers. If ay,aq, ..., a, € Z*, then
\@F_{a;, 2a, . .., na;}| > n.

In fact we prove a slightly stronger statement:

Theorem 1.4. Let n, k be positive integers and V C Z*1 a finite set of odd size.
If ay,ao,...,a, € ZT, then

’VG}GB:LC:I{G@'? 2@1'7 cee 7nai}‘ > n.

Finally, we shall mention an open problem from geometry of similar nature: Is it true
that the area of the symmetric difference of an odd number of unit discs is always at least
7?7 This was first asked by Pak [4], the problem is still open, for more on this problem, see
also [6]. However, there is an important difference between this problem from combinatorial
geometry and Pilz’s conjecture (and Question : in case of the latter problems it is not
assumed that we take an odd number of translates of the corresponding set (the size of A in
Pilz’s conjecture and the number n in Question may be even).

2. PROOF OF THEOREM [L.3] AND [1.4]

Let us assign a polynomial pg(z) € Fy[z] to each finite subset S of nonnegative integers:

ps(x) = 3 a*. Observe that pg,as,(x) = ps, (z) + ps,(2) and e () = [[1, ps, (@).
seS B
Therefore, proving Theorem is equivalent to showing that the number of nonzero coef-
k

ficients in [] (2% 4 2% + - - - 4 2"%) is at least n. After expanding out [[F_, 2% we get the
i=1

polynomial

k

p(l’) = H (1 + 2% + CL,Qai NS x(n—l)ai) :

i=1
our aim is to show that the number of nonzero coefficients of p is at least n. Without loss of
generality, we may assume that ged(ay, ..., ax) = 1, since otherwise we may consider p(x) as
a polynomial of 28°d(@1:--9) which has the same number of nonzero coefficients as p.

Let n = 2°t, where o« > 0 and ¢ is odd.
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Let us write p(z) as p(x) = q(z)r(x), where
o(z) = ﬁ (14 2% 2% 4.y gli=Dary
’::1
T(CC) _ H (1 + e + 2t 4t I(Q‘)‘—l)tai) '
First, we turn our attention :tl q(z). Let us write g(z) as

(2.1) q(z) = qo(") + zqu(z') + -+ 2" g (2),
that is, we partition the monomials in ¢ into ¢ groups according to the mod t residue of the
exponent of x. Then

p(x) = q(a)r(z) = qo(a')r(z) + g (@)r(z) + - + 2" g (2")r(2),
where the nonzero coefficients of these ¢ polynomials are pairwise different, since r(z) is also
a polynomial of x'. Hence, it suffices to prove that each g;(x")r(z) has at least 2% nonzero
coefficients.
We show that ¢;(1) = 1 for each i, that is, the number of nonzero coefficients of ¢; is odd.
If we expand out ¢(z), then the number of terms — without cancellations — is t*, which is
odd. We show that their exponents are uniformly distributed modulo ¢, implying that each
residue is obtained t*~! times, thus ¢;(1) = 1 indeed holds. For a residue b (modulo t) let
F(b) denote the number of terms (before cancellations) where the exponent has residue b
mod t. Since (14 2% + --- + z(=1%) is among the factors, F(b) = F(b + a;) for every b.
This holds for every ¢ and the greatest common divisor of the numbers ay,...,a; is 1, so F
is constant. Thus ¢;(1) = 1, as we claimed.
Now, we show that ¢;(x!)r(x) has at least 2% nonzero coefficients.
Setting y = 2t we have
k k
r@) =@ +y" +y> 4+ +y® ) =T+ .
i=1 =1
Let a; = 2%t;, where a; > 0 and t; is odd. By using the identity

Ly = (1 +y)" = 1+y)" Aty +-+y" )",

we get that
k

a_ k a; - o o
7’(1‘) = (1—|—y)(2 1>, 2 H(1+y_'__|_ytz 1)(2 1)2 '
=1

Let us express the exponent of 1 + y as a sum of distinct 2-powers:

k
20 —1)) 2% =) 2%
i=1 jed
Note that |J| > «. (Indeed, the possible residues that a 2-power can have modulo 2% — 1 are
1,2,2% ...,2%71 Assume we get the 0 residue with a sum containing a minimum number of
terms. Then all the residues are distinct in the sum, since otherwise two copies of a 2-power
27 may be replaced by one copy of 2/*!, which would contradict minimality. However, if all
terms are distinct, then we have to add all of them to get 0 mod 2% — 1, since their total sum
is exactly 2¢ — 1.)
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Consider the set S := {3 ;2% : &; € {0,1}} and observe that

jeJ
o __ k 7 X ﬁ s
(L) DT = (L)% = 37y = ps(y).
sSES
If we write
k
@) [T+ g+ g &0 =3y,
i=1 uelU

then r(2)q;(y) = > ,cs ey ¥*™" Note that |U| is odd, since ¢;(1) = 1 and each t; is
odd. For estimating the number of nonzero coefficients of r we shall compute the size of
the symmetric difference of the sets S +u ={s+wu:s € S} (v € U). Our aim is to show
that the size of this symmetric difference is at least |S|. To see this, we first prove that S
tiles Z>¢, that is, there is some R such that Zs( is the direct sum of S and R, meaning
that every nonnegative integer can be uniquely represented as s + r with s € S;r € R.
This is immediate, since we can choose R to be the set of those nonnegative integers whose
base-2 representation does not contain any of 2% (j € .J). Now, we show that there is an
|S|-colouring of Z>q such that each translate S + u contains exactly one element from each
colour class. If m > 0 is an integer, then m can be uniquely written as m = s 4 r with
s € S,r € R. Let us define the colour of m to be s. Let us consider a translate S + v and
assume that s’ +v and s” + v have the same colour. Then ' +v =s+7r; and 8" +v = s+
for some s € S,ry, o € R. However, these equations imply that s +r, = s” +r, but S+ R
is a direct sum, so s’ = s” and ry = ry. Therefore, the colouring satisfies our requirements.
Since |U] is odd, the symmetric difference of the sets S + u contains an odd number of
elements from each of the |S| colour classes, thus its size is indeed at least | S| = 2171 > 2.
Hence, ¢;(x")r(x) has at least 2% terms. This concludes the proof of Theorem
Theorem can be proved similarly: The only difference is that in (2.1) we shall write

q(z) > x¥ in place of g(x) on the left hand-side of the equation. When we expand out ¢,
veV
the exponents are uniformly distributed modulo ¢ (before the cancellations), so the same
holds for the exponents of the terms arising in g(x) > a. Since |V is odd, the rest of the
veV
argument is also fine in this setting.
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