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1. INTRODUCTION

For two finite subsets of the positive integers, A and B let Ax B =
{abla € A, b € B and ab occurs odd many times in A - B}. In other
words, if A = {ay,...,ax}, then Ax B = a;BA---AaqpB, where A
denotes the symmetric difference. For a positive integer m let m =
{1,2,...,m}.

Conjecture 1. If n, k are positive integers, then |n * k| > n.

For an arbitrary finite subset A C N it was proved that |m x A| >
m(m)+ 1, where m(x) is the prime counting function, and the following
conjecture was formulated ([5]):

Conjecture 2. Let n be a positive integer and K C N be a finite set
of integers. Then |n x K| > n.

These purely number theoretical problems originate in the theory
of near-ring codes. A near-ring can be described as a ring, where the
addition is not necessarily commutative and only one of the distributive
laws is required. A typical example is the near-ring of polynomials,
where the addition is the usual polynomial addition, and multiplication
is the composition of the polynomials. In this example the addition
is commutative and only the right distributive law holds. Near-rings
play an important role in combinatorics: They are used to construct
block designs that give rise to efficient error correcting codes. For
more information on these codes see [2], [3] and [4]. A special and very
interesting near-ring code is defined in the following way: Let f € Zs[z]
be a polynomial and C(f, k) the code generated (as a subspace) by the
polynomials f = fox, foa?, ..., foxk For f=a+2>4+---+2"a

typical codeword is
S ror= Y @,
€K JEK*n
where K is a finite subset of k. As C(f, k) is a linear code, its minimal

distance is equal to the minimal weight of any nonzero codeword. Hence
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the minimum distance of C(f, k) is the minimal value of |n* K| for some
K Ck.
In this paper we settle Conjecture 1, and prove that for arbitrary

n
n € N and finite set K C N we have |n * K| zc-lwfor some
g n

¢ > 0. Note that the minimal distance in C(f, k) depends heavily
on f. If, for example, we start with f(z) = o + 2% + 2% + - + ka,
then fox+ foa® = x4 22", hence the minimal distance of the
corresponding code is 2.

The natural logarithm will be denoted by log through the whole

paper.

2. THE GENERAL CASE

Let us denote by g(n) the minimal size of the set n x K, where
K is a finite subset of the positive integers. In [5] it is proved that
g(n) > m(n) + 1. In this section we improve this lower bound and

prove that g(n) > c¢- for some ¢ > 0. The proof is based on

10g0.223 n

the following lemma:

Proposition 1. For every positive integer n

g(n) = g (ln/p*]),

p<n

where the sum goes over the primes less than n, and o, is the largest
integer such that p®» < n.

Proof. Let p < n be a prime and K, C K the subset of K containing
the elements that are divisible by the largest power of p occuring as
divisor of some element of K (possibly p” = 1). Similarly, let n, C n be
the set of elements of n that are divisible by p®». Note that n, is never
empty. By the maximality of the exponents of p in K, and n,,, for any
a€n,beK,and cen,de K if ab= cd, then c € n, and d € K,
hold. We prove that for p < ¢ < n different primes n, - K, and n, - K,
are disjoint. If for some a € n and b € K we have ab € n, K,Nn, - K,
then a € n, Nn,. Thus a = pgd’, and a = p?’d < ais in n. The
exponent of p in a is larger than the one in a, which is contradiction.
Hence, n x K contains the disjoint union of the sets n, - K, for p < n,
SO

(1) o« K| > |n, * 1.

p<n
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As pr <n < p**l clearly, n, = {p®,2p°, ..., [n/p*]p*}, where
[n/p**] < p. Dividing by p®#, we obtain that [n,* K| = ||n/p** | * K|,
thus by the definition of g we get

|, % K| = [[n/p™" ] + Kp| = g([n/p™]).
By (1) we have

g(n) =Y g(ln/p™]),

p<n
and this is what we wanted to prove. O

Theorem 2. For every \ > \g there exists a ¢ = c¢(\) > 0 such that

for every n > 1
n

g(n) > c

= log*n’
1

2\ 1
where \g satisfies / (—) 2—dy = 1. Note that \y ~ 0.2223...
Y -y

Proof. Fix 1 > A > Ag. We claim that there exists some ¢ > 0 such
that the inequality

(2) g(n) > c- —

log* n
holds for every n > 1. The proof is by induction on n. First we discuss
the induction step. Assume that (2) holds for n < m. Now, we show
that it holds for n = m, as well. The value of ¢ will be chosen later.
By Proposition 1 and the induction hypothesis:

(3) g(m) = Z g(lm/p|) > Z c [m/p]

e
Vm<p<m Jm<p<m/2 log*(|m/p])

.. Lm/p] Lo_m/p—1
SR e TR DI e Feymy

Vm<p<m/2 Vm<p<m/2

_ .M S
W;mm log*(|m/p)) sz;m/? log*(|m/p))’

In [7] it is proved that m(m) < —1%22?2”1

w(m/2) — m(vm) < m(m) < 1.5 - logm

for every m > 1, hence

. For the second term of the

last line of (3) we obtain:

(4)
1 L - . =
T I i el

Vm<p<m/2 Vm<p<m/2
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since A < 1.
Now we estimate the main term. By Mertens’ theorem, there exists

1
a constant M such that Z — =loglogx + M + o(1). Hence, for every
p<z
£ > 0 there exists B = B(e) such that for B <a <b

1
(5) Z — —loglog b+ logloga| < ¢
a<p<b
holds. For m > 225 we have m2+'sx < m/2. Applying (5) to the
interval I, = (m%J“%,m%’L%], where h is an integer satisfying 1 <
h < K —1 we obtain that

1 K +h
Y —slog e
(6) p> CR+h-1 °©

pElp

If p € I, then log*(m/p) < lo
main term of the last line of (3
ranging we get that

g (m) (X552 . Substituting into the
), omitting the integer parts and rear-

.. m/p o 1/p
D 2 o mi S

_— >
A pu—
Vm<p<m/2 VGE<P<"W210g (ﬂl/p)
K—1 A
cm 2K 1
2SS ()
by _ -
pv K—-h+1 P
-1 9K A
—~ K—-h+1 '
Now we show that there exists some K such that
K-1

K-1 A
cm 2K K+nh
> 2 ) g
_logAm<Z(K—h+1) CKTh-1 °©
2K A K+h
- ) g o
(8) Sk Z(K—thl) ®K+h-1~

h=1
h=1

K

h

The sequence of functions fx converges to f. Then

S — fele) + fx(R) + -+ fx(%)  fr(%)
K K

Let
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FE) + 3+ + f(5)
TK: K .

As 1 > XA > ), the Riemann-sum 7} converges to folf > 1. As
fk(%)/K converges to 0, it is easy to see that Si — Tk converges to

0. Hence we can fix a K such that Sx > 1. Now, we can choose some
€ > 0 such that

K-1 A K-1 A
2K K+h 2K
S () deg 1Y () >0
1 hl(K—thl) K th-1 Ehl(K—thl)

According to (4) there exists some R such that if R < m, then

1
2 o) <" e

Vm<p<m/2

By (3) and (7) we obtain that g(m) > c- holds. If we choose

log* m

¢ > 0 such that (2) holds for n < max(2*% B%(¢), R), then (3) is
gained.
U

3. THE CASE K =k

In this section we prove Conjecture 1. We distinguish cases according
to how large is k compared to n. The conjecture is true for & < 8. ([5])

3.1. Case 1: 9 <k <1.34-logn

We show that in this case the number of elements that occur exactly
once in the product n - k is at least n. We shall need the following two
observations.

Lemma 3. Let n/2 < a <n and b € k such that a is relatively prime
to every number less than k. Then ab occurs once in n - k.

Proof. Let us assume that ay,a, € n and by, by € k satisfy the condi-
tions of the lemma, and a1b; = asby. Now, aq|asby and a; and by are
relatively prime, hence a|ag. As a; > n/2 we have 2a; > n > ag, thus
a1 = a9, which implies b; = b,. ]

1 :
Lemma 4. If k > 14, thenH(l——) > 05.

p<k p

Proof. In |7] it is shown that for £ > 1

e 1 1
gk \\ " loa2 ) S 1=2)
0g og o p
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where 7 is the Euler constant. For £ > 21 by using the monotonicity
of the logarithm function and e™ > 0.56 we get that

eV (1_ 1 )>O.56(1_ 1 >>O.5
log k logk ) ~ logk log? 22 logk’

For 14 < k < 21 it is enough to check the statement when k = 14, 17
1

and 19. For these numbers the values of (log k) - H (1 — —) are 0.500,
p

p<k

0.511 and 0.503, respectively, hence the statement holds. O

Proposition 5. Let 9 < k < 1.34-logn. Then |n x k| > n.

Proof. We show that there are at least n products satisfying the condi-
tions of Lemma 3. For this we need to estimate the number of integers
between n/2 and n that are not divisible by a prime less than k. This
number will be denoted by D. By the inclusion-exclusion principle

(9) D=n—|n/2]+

+§(—1)" > Qpil nphJ - Lp:./?pihj) ’

1<iy <...<ip<r

where (k) = r and py, ..., p, are the primes up to k. Applying z—1 <
|z] <z to all 27! terms of the right side we get that

(10) D>n—n/2+

" ;(_Dh Z (Pil -7-1-1%‘;1 - pzln/Q ‘ ) e

1< <..<ip<r

If £ > 14, Lemma 4 applies, and

As k < 1.34logn, for k > 14 we have the estimation

oot <ok o Lk M
- ~ 100log k ~ 100log k
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0.24n
logk "
function z/logx is monotone increasing on [1, 00), thus
0.24k S 0.24-14 -

n n>n
logk = logl4

Hence, D > Using Lemma 3 we obtain |n % k| > Dk. The

In* k| > Dk >

For 9 < k <13 we have

1
|n* k| > Dk > (gH (1_ _) _QW(k)> i
p<k p

For 10 < k£ < 13 it is obtained by calculation that the right hand side is
greater than n if n > e*/134, For k = 9 the inequality holds if n > 5040.
By brute force the statement can be checked for £ = 9 and n < 5040.

Thus we obtained |n * k| > n.
U

0.22-n
logn
Let ky = max(k,n/7) and k; < p < n a prime. As k < p, the set of
elements of nxk, which are divisible by pis {p, 2p, ..., [n/p|p}*k. This
set has the same cardinality as the set |n/p|*k. Now, |n/p| < 6, hence

|[n/p]*k| > k. Tt is easy to see that for p > ¢ > n/7 an element of nxk

cannot be divisible by both p and ¢. Hence, |n x k| > (w(n) — 7(k;))k.
At first, suppose that k < n/7. By a theorem of Dusart [1] for x > 17

T x 1.2762
<m(z) < 1+
log x log x log

3.2. Case 2: 1.34-logn <k <n— and n > 1410.

" forn > 1410. As 1.34 -

holds. Hence, w(n) — w(n/7) > 0.749 -

logn < k, we have

ogn

In* k| >1.34-0.749 - n > n.

Secondly, let us consider the case when n/7 < k < n/2. As m(n) —
w(n/2) > 7,

nx k|l > (r(n) —w(k1))k > 7-n/7=n.
0.22-n

logn
|6] there are at least two primes between k and n if n > 90000. It can
be checked that this also holds for n > 1410. Thus

I+ k| > (n(n) = w(k))k > 2(n/2) = n.

Finally, let n/2 < k <n — . Then by the estimates in [1] and
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We continue with the case when k is "large", that is, n— 227 _ < k.

logn+1.02 —
By calculation we have n — lmg?;% <n-— ()102;”" for n > 4.
04-n
33. Case 3. n— ———— < k < n and n > 5000.
logn 4+ 1.02

Ifk=n,then k-n={1,....,n}-{1,...,n}. If a # b, then pairing
ab with ba only the products of the form a - a are left, hence n x k =
{1%2,2% ..., n*}. Thus

In * k| =n.
Assume now that k£ < n. Then

(11) |nxk| = |(k*Ek)A((n\ k) * k)| =

= [Exk|+|(n\ k)« k] = 2[(k k) N ((n\ k) * E)].
For the first term on the right side of (11) we have
(12) kEx k| =|{1%,22,... k*} = k.

Lemma 6. For the second term of (11) we have

(13) ((n\ k) * k| > 2k —n.

Proof. We use the following observation: If

1< and k+4+1<j5<n,
n_
then ij appears exactly once in (n\ k) - k, so ij € (n\ k) x k. Let us
assume that ij =i'j' such that 1 <¢ <kand k+1<j <n. Ifi=17,
k
then j = 7. If / <, then 1 <7 < kandk+l§j’§n. Now,

changing the roles of (7,7) and (¢/,j’) we may assume that i < . As
RN

. ? J
ij =i'y’, we have — = = and
)

J
. . kb .
.1<.Z < _nk :E<k+1<‘7—.,
A B no "
which is a contradiction. For (n \ k) * k we obtain that

T e [ E

n —

2( kk—1>(n—k):k—(n—k):2k—n.

n —

O
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Now, we focus on the third term of (11).

Lemma 7. For the third second term of (11)

(15) (Ex k)N ((n\ k) * k)| <0.431 - k.
holds.
Proof. Tt is enough to show that among the numbers 12, 22, ..., k?

at most 0.431k many has a divisor in the interval [k + 1,n]. Let
k+1<m < nand m = a,b?, where b2, is the largest square di-
visor of m. Since a,, is squarefree, m|i? if and only if a,,b,,|i. Let S
denote the following upper bound of the number of elements of the set
{12,22, ... k*} which have a divisor in [k + 1,n]:

n n

- k k b
5= 2 LambmJé 2 b 2. m

m=k+1 m=k+1 m m=k+1

Recall that m = a,,b?, where a,, is squarefree. Now, summing by

Jj=by, < m:
j [v7] 1
=k <k ' —.
Z > wmskXo X o
3%m, J=1 7%m,
k:+1<m<n, k+1<m<n
ln(m/j?)|=1
Rewrite S = k(S; + S3), where
vn/2] V] 1
Sy = = ' —.
1 Z > oad S= 35 >
7%m, j=lvn/2]+1 7%|m,
k+1<m<n k+1<m<n
First, we give an upper bound for S;.
Lemma 8.
1 2
(16) Si < ( Ogn + o.31) (logn — log k) + %

kE+1
Proof. Let r; = [%—‘ and s; = [%} Then
J J

[vn/2] S5 [vn/2] S5

17 =D E) ST S ot

j=1 lTJ 7j=1 lr]
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The function % is a nonnegative decreasing function on (0, 00), hence

we can estimate the inside sum by

Z /1/x—|—— log s; — logr]+—

I=r; T

k n
As — <r;jand s; < — we have
J

J
log s; — logr; = log = % < log %= n/J” =logn — logk.
T k/j?
Substituting into (17) we obtain
Lvn/2l 4 1
(18) 5 < Z <logsj —logr; + E) <
Lvn/2] 4 9
< Z (10gn—logk+%).
Since
e/ 1 logn logn
(19) . 5 L\/_/2J+1<T—1g2+1§7+0.31
j=1
and
el , n/2| - n/2| +1 n 4+ 2y/n
(20) ;]:LW/J(B\/_/ML)S +8\/_’
from the inequalities (18), (19), (20) we get (16). O
Now we give an upper bound for 55.
Lemma 9.
(21)
Sy < (1+%+%> 7;\_/;%+¥ <1.15- <n;§3ﬁ+3ﬁ
Proof. Recall that
Lvn)

(22) w= Y X Z
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In (22) for every j we have

n>j* > ([vVn/2] +1)° > g

Hence m = j2 or 252 or 352, As k <m < n, for m =ij? (i = 1,2,3)

we get
3 )
\/j<j§\/E and i_\/—ﬁ
) ) m k

For fixed ¢, the number of j such that m = i;2 is at most:

vn— vk _{i n—k -‘<i n—k+1
Vi Vi n4+vVEl T Vi 2vE
thus
1 1 n—Fk /n 3yn (n—k)v/n  3yn
<|l1l4—+—|- S+ <115
Sg_(+\/§—l—\/§> NG k+k< 5 1872 +k’
and this is what we wanted to show. O

Summarizing the results, from (16) and (21) we obtain:

(23) S =Fk(S1+ 5s) <
< k{(logn +0.31> (logn — log k) + # PRI WtV Wﬁ}.

k3/2 k

We assumed that n — bg%fﬁ < k and n > 5000. By using the
0.2

logn

< HL;U we obtain that ne ~2z %3 < n. ﬁ =
logn 431
—3 10

— log%% < k. As n > 5000, we have that % > 0.958. By easy

calculation from these inequalities the following ones can be deduced:

xT

inequality e~

1
(24) ( Ogn + 0.31) (logn — logk) < 0.2,
n+2y/n
2 DTV 1
(25) <0135,
(n—k)v/n 3yn
(26) 115 - So Vo S < 0.006.

Adding (24), (25) and (26) using (23) we arrive at:
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(27) S < k(0.240.135+ 0.096) = 0.431 - k.

Then from inequalities (12), (13) and (15) in case k/n > 0.958 we get
lkxn|>k+2k—n—25>2138-k—n>n,

thus we proved the statement in Case 3 as well. U

We proved the statement for all pairs n, k where n > 5000. Cases
k < mn <5000 can be checked by brute force.
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