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Consider a directed, rooted graph G = (V U {r}, E) where each vertex in V has a partial order preference over
its incoming edges. The preferences of a vertex naturally extend to preferences over arborescences rooted
at r. We present a polynomial-time algorithm that decides whether a given input instance admits a popular
arborescence, i.e., one for which there is no “more popular” arborescence.

In fact, our algorithm solves the more general popular common base problem in the intersection of two
matroids: we are given an arbitrary matroid M = (E, I') and a partition matroid Mpast over E, where partition
classes correspond to a set V of agents with |V| = rank(M) and each agent has a partial order preference over
its associated partition class; the problem asks for a common base of M and Mpat such that there is no “more
popular” common base. Our algorithm is combinatorial, and can be regarded as a primal-dual algorithm. It
searches for a solution along with its dual certificate, a chain of subsets of E, witnessing its popularity. Our
generalized results, expressed in terms of matroids, demonstrate that the identification of agents with vertices
of the graph in the popular arborescence problem is not essential.

We also study the related popular common independent set problem. For the case with weak rankings,
we formulate the popular common independent set polytope, and thus show that a minimum-cost popular
common independent set can be computed efficiently. By contrast, we prove that it is NP-hard to compute a
minimum-cost popular arborescence, even when rankings are strict.

CCS Concepts: « Theory of computation — Design and analysis of algorithms; « Mathematics of
computing — Matroids and greedoids.

Additional Key Words and Phrases: matching under preferences, matroids, duality in linear programming

1 INTRODUCTION

Let G = (V U {r},E) be a directed graph where the vertex r (called the root) has no incoming
edge. Every vertex v € V has a partial ordering >, (i.e., a preference relation that is irreflexive,
antisymmetric and transitive) over the set §(v) of its incoming edges, as in the following example
from [22] where preference orders are strict rankings. Here V = {a, b, ¢, d} and the preference
orders of these four vertices on their incoming edges are as follows:
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<= first rank
<— second rank

(b,a) >4 (c,a) >4 (r,0) < -~ third rank

(a,b) >4 (d,b) > (r,b)
(d.c) ¢ (a,¢) > (r.c)
(c.,d) >4 (b,d) >q (r,d).

We are interested in computing an optimal arborescence rooted at r, where an arborescence is an
acyclic subgraph in which each vertex, except one called the root, has a unique incoming edge;
notice that all arborescences in our input graph G are rooted at r, as r has no incoming edge. Our
notion of optimality is a function of the preferences (>,),ev of vertices for their incoming edges.

Given any pair of arborescences A and A’ in G, we say that v € V prefers A to A’ if v prefers its
incoming edge in A to its incoming edge in A’, i.e., v prefers A to A’ if A(v) >, A’ (v) where A(v)
(respectively, A’(v)) is v’s incoming edge in A (respectively, in A’). Let #(A, A”) be the number of
vertices that prefer A to A’. We say that A is more popular than A" if $(A, A”) > ¢(A’, A).

Definition 1.1. An arborescence A is popular if $(A, A") > #(A’, A) for all arborescences A’.

Our notion of optimality is popularity, in other words, we seek a popular arborescence A in G.
So there is no arborescence more popular than A, thus A is maximal under the “more popular than”
relation. The “more popular than” relation is not transitive and popular arborescences need not
always exist.

Example 1.2. Consider the example from [22] depicted above. The arborescence A = {(r, a), (a, ),
(a,c), (c,d)} is not popular, since the arborescence A’ = {(r,d), (d, c), (c, a), (a, b) } is more popular.
This is because a and ¢ prefer A’ to A, while d prefers A to A’, and b is indifferent between A and A’.
We can similarly obtain an arborescence A” = {(r, b), (b, a), (b,d), (d, c)} more popular than A’. It
is easy to check that for any arborescence here, there is a more popular arborescence. Therefore
this instance has no popular arborescence.

Consider the above instance without the edge (r, d). Vertex preferences are the same as in the
earlier instance, except that vertex d has no third-choice edge. It can be shown that this instance has
two popular arborescences: A = {(r, a), (a,b), (a,¢), (¢c,d)} and A" = {(r,b), (b,a), (a,c), (c,d)}
(Appendix A has more details).

The popular arborescence problem. Given a directed graph G as described above, the popular
arborescence problem is to determine if G admits a popular arborescence or not, and to find one,
if so. The computational complexity of the popular arborescence problem was posed as an open
problem at the Emléktabla workshop [26] in 2019 and the problem has remained open till now.
Thus it is an intriguing open problem—aside from its mathematical interest and curiosity, it has
applications in liquid democracy, which is a voting scheme that allows the delegation of votes. Each
voter can delegate its vote to another voter; however, delegation cycles are forbidden. A popular
arborescence represents a cycle-free delegation process that is stable, and every child of the root r
casts a weighted vote on behalf of all its descendants.

LA vertex v delegating its vote to u should be represented as the edge (v, u); however as said in [22], it will be more
convenient to denote this delegation by (u, v) so as to be consistent with downward edges in an arborescence.
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Liquid democracy has been used for internal decision making at Google [18] and political parties
such as the German Pirate Party or the Swedish party Demoex. We refer to [32] for more details.
We show the following result.

THEOREM 1.3. Let G = (V U {r},E) be a directed graph where eachv € V has a partial order over
its incoming edges. There is a polynomial-time algorithm to solve the popular arborescence problem
inG.

1.1 Popular common base problem

The popular arborescence problem is a special case of the popular common base problem defined
as follows. We are given two matroids, where one matroid is a partition matroid Myart = (E, Zpart)
whose partition classes E, are indexed by the elements v of a finite set V and the independent set
family is defined by Z,at = {S € E : [SNEy| < 1forallo € V }. The other matroid M = (E, T)
is an arbitrary matroid of rank |V|. Each v € V has a partial order >, over the partition class E,
associated with v. For any pair of common bases (i.e., common maximal independent sets) B and B’
in the intersection of matroids My, and M, we say that v € V prefers B to B’ if v prefers the
element in B N E, to the element in B’ N E,, i.e., e >, f where BN E, = {e} and B’ N E, = {f}. Let
¢ (B, B") be the number of elements in V that prefer B to B’.

Definition 1.4. A common base B of the matroids Mp,,x and M is popular if ¢(B, B’) > ¢(B’, B)
for all common bases B’.

The task in the popular common base problem is to find a popular common base in the intersec-
tion of two such matroids or decide if no popular common base exists. Arborescences in a graph G
are common bases in the intersection of the partition matroid on E = -,y 6(v) with the graphic
matroid of G (where for any edge set I C E, I € 7 if and only if I has no cycle in the underlying
undirected graph). In fact, our algorithm solves the general popular common base problem.

THEOREM 1.5. There exists a polynomial-time algorithm that computes a popular common base in
the intersection of a partition matroid on E = \+J,cy E, and any matroid M = (E, I') of rank |V|, where
eachv € V has a partial order >, over elements in E,, or decides that no such common base exists.

In general, the matroid intersection need not admit common bases, and in such a case, an alter-
native is a largest common independent set that is popular among all largest common independent
sets. This problem can be easily reduced to the popular common base problem (see Section 8).
Furthermore, along with some simple reductions, we can use our popular common base algorithm
to find a popular solution under certain constraints.

For example, we can find a common independent set that is popular subject to a size constraint (if
a solution exists). We can further solve the problem under a category-wise size constraint: consider
a setting of the popular arborescence problem and the liquid democracy application mentioned
earlier, where the set V of voters is partitioned into categories, and for each category, there are
lower and upper bounds on the number of voters who (roughly speaking) have an element in the
chosen independent set belonging to them (see Section 8). This translates to setting lower and
upper bounds on the number of representatives taken from each category so as to ensure that there
is diversity among them.

Moreover, the popular common independent set problem which asks for a common independent
set that is popular in the set of all common independent sets (of all sizes) in the matroid intersection
can be easily reduced to the popular common base problem (see Section 4). Therefore, the following
fact is obtained as a corollary to Theorem 1.5.
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COROLLARY 1.6. There exists a polynomial-time algorithm that computes a popular common
independent set in the intersection of a partition matroid on E = |+) ey E, and any matroid M = (E, I),
where each v € V has a partial order >, over elements in E,, or decides that no such common
independent set exists.

Popular common independent set polytope. Edmonds [12] proved that the intersection of the
independent set polytopes of two matroids gives exactly the convex hull of the common independent
sets of the two matroids—this is called the matroid intersection polytope; see also [33, Chapter 14.1].
If preferences are weak rankings, then we can give a formulation of an extension of the popular
common independent set polytope, i.e., the convex hull of characteristic vectors of popular common
independent sets in our matroid intersection.

Our formulation involves two auxiliary matroids that are used in our reduction from the popular
common independent set problem to the popular common base problem. The common ground
set of these auxiliary matroids is an extension of E with dummy elements. See Section 4 for
the definitions of these matroids and a more precise formulation (Theorem 4.4) of the following
statement.

THEOREM 1.7. If preferences are weak rankings, the popular common independent set polytope of a
partition matroid on E = \:) ¢y E, and any matroid M = (E, I') is a projection of a face of a matroid
intersection polytope defined on a superset of E.

By projection, we mean the deletion of variables corresponding to elements not in E. There are
an exponential number of constraints in this formulation, however it admits an efficient separation
oracle. As a consequence, when there is a function cost : E — R, a min-cost popular common
independent set can be computed in polynomial time by optimizing over this polytope, assuming
that preferences are weak rankings.

It follows from past work [21] that finding a min-cost popular common base—even with strict
rankings—is NP-hard. Nevertheless, as shown here, finding a popular common base with forced or
forbidden elements in an input instance with partial order preferences is polynomial-time solvable.
This result allows us to recognize in polynomial time all those elements that are present in every
popular common base and all those elements that are present in no popular common base.

THEOREM 1.8. Given a partition matroid on E = |J,cy Ey, where eachv € V has a partial order >,
over elements in E,, and any matroid M = (E, I') of rank |V|, along with a set E* C E of forced
elements and a set E- C E of forbidden elements, there is a polynomial-time algorithm to decide if
there is a popular common base B with E* C B and E~ N B = 0 and to find one, if so.

1.2 Related graph problems and our hardness results

In this section we discuss problems that are closely related to our starting problem—the popular
arborescence problem. After explaining how these problems relate to the popular common base
problem, we highlight some consequences of our algorithmic results presented in Section 1.1,
and contrast them with NP-hardness results that outline the limits of tractability (Theorems 1.9
and 1.10).

Popular branchings. A special case of the popular arborescence problem is the popular branching
problem. A branching is a directed forest in a digraph G = (V, E) where each vertex has at most
one incoming edge. Any branching in G can be viewed as an arborescence in an auxiliary graph
obtained by augmenting G with a new vertex r as the root and adding the edge (r,v) for each
v € V as the least-preferred incoming edge of v. So the problem of deciding whether the given
instance G admits a popular branching or not reduces to the problem of deciding whether this
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auxiliary instance admits a popular arborescence or not. An efficient algorithm for this special case
of the popular arborescence problem (where the root r is an in-neighbor of every v € V) was given
in [22].

The applications of popular branchings in liquid democracy were discussed in [22]. Every root
in a popular branching B casts a weighted vote on behalf of all its descendants. However, in many
real-world applications, not all agents would be willing to be representatives, i.e., to be roots in a
branching. Thus, it cannot be assumed that every vertex is an out-neighbor of 7, so it is only agents
who are willing to be representatives that are out-neighbors of r in our instance. Therefore, the
popular arborescence problem has to be solved in a general digraph G = (V U {r}, E) rather than
in one where every vertex is an out-neighbor of r.

Popular matchings and assignments. The notion of popularity has been extensively studied in the
domain of bipartite matchings where vertices on one side of the graph have weak rankings (i.e.,
linear preference order with possible ties) over their neighbors. The popular matching problem is
to decide if such a bipartite graph admits a popular matching, i.e., a matching M such that there is
no matching more popular than M.

An efficient algorithm for the popular matching problem was given in 2007 [1]. The popular
assignment problem was considered several years later in 2022 [21]. What is sought in this problem
is a perfect matching that is popular within the set of perfect matchings—so the cardinality of the
matching is more important than popularity here. It is easy to see that the popular assignment
problem is a generalization of the popular matching problem; a simple reduction from the popular
matching problem to the popular assignment problem can be shown by adding some dummy
vertices (see [21, Section 2.3]). An efficient algorithm for the popular assignment problem was
given in [21]. Note that assignments are common bases in the intersection of two partition matroids.

In view of the above connections, we can observe that all of the following problems fall in
the framework of a popular common base (or common independent set) in the intersection of a
partition matroid with another matroid:

(1) Popular matchings [1].

(2) Popular assignments [21].

(3) Popular branchings [22].

(4) Popular matchings with matroid constraints® [20].

Since Corollary 1.6 holds for partial order preferences, it generalizes the tractability result in [20]
which assumes that preferences are weak rankings (note that the results in [20] are based on the
paper [1], which in turn strongly relies on weak rankings). Observe that past work identified agents
or elements with preferences with vertices in a graph. It follows from Theorem 1.5 that such an
identification is not important at all. We exploit this property further to show that the following
two new problems—popular colorful forest and popular colorful spanning tree—can also be solved
efficiently by our algorithm. These are natural generalizations of the popular branching problem
and the popular arborescence problem, respectively.

Popular colorful forests and popular colorful spanning trees. The input of the popular colorful
forest problem is an undirected graph G where each edge has a color in {1,...,n}. A forest F is
colorful if each edge in F has a distinct color. Colorful forests are the common independent sets of
the partition matroid defined by color classes and the graphic matroid of G. For each i € {1,...,n},
we assume that there is an agent i with a partial order >; over color i edges. Agent i prefers forest F

2This problem asks for a popular many-to-one matching in a bipartite graph G = (A U B, E) where vertices in A have weak
rankings and the vertices that get matched to each b € B must form an independent set in a matroid Mp.
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to forest F’ if either (i) F contains an edge colored i while F’ has no edge colored i or (ii) both F
and F’ contain color i edges and i prefers the color i edge in F to the color i edge in F’.

A colorful forest F is popular if ¢(F, F’) > ¢(F’, F) for all colorful forests F’, where ¢(F, F’) is
the number of agents that prefer F to F’. The popular colorful forest problem is to decide if a given
graph G admits a popular colorful forest or not, and to find one, if so. The motivation here is to find
an optimal independent network (cycles are forbidden) with diversity, i.e., there is at most one edge
from each color class—as before, our definition of optimality is popularity. The popular branching
problem is a special case of the popular colorful forest problem where all edges entering vertex i
are colored i.

A colorful spanning tree is a colorful forest with exactly one component. In the popular colorful
spanning tree problem, connectivity is more important than popularity, and we seek popularity
within the set of colorful spanning trees rather than popularity within the set of all colorful forests.

Theorem 1.5 implies a polynomial-time algorithm to solve the popular colorful spanning tree
problem and Corollary 1.6 implies a polynomial-time algorithm to solve the popular colorful forest
problem. Recall that Theorem 1.7 gives a formulation of an extension of the popular colorful
forest polytope when preferences are weak rankings. When preferences are weak rankings, note
that such a polytope was already known for popular branchings [22] where it was also shown
that it is NP-hard to find a min-cost popular branching with partial order preferences. It follows
from Theorem 1.7 that for weak rankings, we can compute a min-cost popular colorful forest in
polynomial time when there is a function cost : E — R.

One may wonder if such a result also holds for the popular colorful spanning tree problem or at
least the popular arborescence problem. Unfortunately, that is not the case as we show here.

THEOREM 1.9. Given an instance G = (V U {r}, E) of the popular arborescence problem where each
vertex has a strict ranking over its incoming edges along with a function cost : E — {0, 1, 00}, it is
NP-hard to compute a min-cost popular arborescence in G.

A natural problem in instances that do not admit a popular arborescence is the relaxation of
popularity to near-popularity or “low unpopularity”. A standard measure of unpopularity is the
unpopularity margin [28], defined for any arborescence A as p(A) = maxa ¢(A’, A) — p(AA")
where the maximum is taken over all arborescences A’. An arborescence A is popular if and only if
1(A) = 0. Unfortunately, finding an arborescence with minimum unpopularity margin is NP-hard.

THEOREM 1.10. Given an instance G = (V U {r}, E) of the popular arborescence problem where
each vertex has a strict ranking over its incoming edges, together with an integer k, it is NP-complete
to decide whether G contains an arborescence with unpopularity margin at most k.

1.3 Background

The notion of popularity was introduced by Gérdenfors [15] in 1975 in bipartite graphs with
two-sided strict preferences. In this model every stable matching [14] is popular, thus popular
matchings always exist in this setting. When preferences are one-sided, popular matchings need
not always exist. This is not very surprising given that popular solutions correspond to (weak)
Condorcet winners [6, 29] and it is well-known in social choice theory that such a winner need not
exist.

For the case when preferences are weak rankings, a combinatorial characterization of popular
matchings was given in [1] and this yielded an efficient algorithm to solve the popular matching
problem in this case. Note that the characterization in [1] does not generalize to partial order
preferences, as argued in [23]. Several extensions of the popular matching problem have been
considered such as random popular matchings [27], weighted voters [30], capacitated objects [34],
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popular mixed matchings [25], and popularity with matroid constraints [20]. We refer to [7] for a
survey on results in popular matchings.

Popular spanning trees were studied in [8-10] where the incentive was to find a “socially best”
spanning tree. However, in contrast to the popular colorful spanning tree problem, edges have no
colors in their model and voters have rankings over the entire edge set. Many different ways to
compare a pair of trees were studied here, and most of these led to hardness results.

Popular branchings, i.e., popular directed forests, in a directed graph (where each vertex has
preferences as a partial order over its incoming edges) were studied in [22] where a polynomial-time
algorithm was given for the popular branching problem. When preferences are weak rankings,
polynomial-time algorithms for the min-cost popular branching problem and the k-unpopularity
margin branching problem were shown in [22]; however these problems were shown to be NP-hard
for partial order preferences. The popular branching problem where each vertex (i.e., voter) has a
weight was considered in [31].

The popular assignment algorithm from [21] solves the popular maximum matching problem
in a bipartite graph, and works for partial order preferences. It was also shown in [21] that the
min-cost popular assignment problem is NP-hard, even for strict rankings.

Many combinatorial optimization problems can be expressed as (largest) common independent
sets in the intersection of two matroids. Interestingly, constraining one of the two matroids in
the matroid intersection to be a partition matroid is not really a restriction, because any matroid
intersection can be reduced to the case where one matroid is a partition matroid (see [12, Claims 104-
106]). We refer to [16, 33] for notes on matroid intersection and for the formulation of the matroid
intersection polytope.

1.4 An overview of our algorithm

For a common base B, we can naturally define a weight function wtg : E — {-1,0, 1} such that
for any common base B’ we have wtg(B’) = ¢(B’, B) — ¢(B, B’). Then a popular common base B
is a max-weight common base in the intersection of matroids Mp,, and M with respect to this
function wtp. Therefore, the popular common base problem is to find a common base B such that
maxp g Wtg(B’) = wtg(B) = 0 where B is the set of all common bases in the matroid intersection.
This means that a popular common base B is an optimal solution to the linear program (LP) for the
max-weight common base with weights given by wtg.

Dual certificates. We show that every popular common base B has a dual certificate with a special
structure, which corresponds to a chainC = {Cy,...,Cp} of subsetsof Ewith® C C; € -+ & Cy=E
and span(B N C;) = C; for all i.> Our algorithm to compute a popular common base is a search for
such a chain C and a common base B. At a high level, this method is similar to the approach used
in [21] for popular assignment, however our dual certificates are more complex than those in [21],
and hence the steps in our algorithm (and its proof of correctness) become much more challenging.

Given a chain C of subsets of E, there is a polynomial-time algorithm to check if C corresponds to
a dual certificate for some popular common base. It follows from dual feasibility and complementary
slackness that C is a dual certificate if and only if for a certain subset E(C) C E, there exists a
common base B C E(C) such that span(BN C;) = C; for all C; € C. If such a common base B exists,
then it is easy to show that B is a popular common base with C as its dual certificate.

If such a common base B C E(C) does not exist, then we need to update C. Since updating C
changes E(C), we now seek a common base B C E(C) (for the new C) such that span(BN C;) = C;
for all i. If such a common base B does not exist yet again, then C is updated once more and so on.

3The set span(B N C;) is defined as (BN C;) U {e € E: (BN C;) + e is not independent }.
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Note that updating C may increase |C|. When |C| becomes larger than |V|, we claim that the input
instance has no popular common base. Among other ideas, our technical novelty lies in the proof
of this claim that is based on the strong exchange property of matroids.

We also show that a popular common independent set has a dual certificate C = {C, E} of length
at most 2. This leads to the polyhedral result given in Theorem 1.7.

Comparison with previous algorithms. In the case of popular arborescences, the problem of
checking if a chain C corresponds to a dual certificate is the same as checking if a certain subgraph
Ge = (VU {r}, E(C)) admits an arborescence A such that span(A N C;) = C; for all C; € C. Our
algorithm is different from the popular branching algorithm [22] that (loosely speaking) first finds
a maximum branching on best edges and then augments this branching with second best edges
entering certain vertices. Note that the popular arborescence problem regards reachability from
the root r to be more important than popularity, thus a popular arborescence need not be a popular
branching. However, in an instance with a popular branching that is also a popular arborescence,
our algorithm will return such a popular branching.

Recall that there is a polynomial-time algorithm for finding a popular matching in a bipartite
graph G = (AU B, E) with matroid constraints on the B-side [20]. One may wonder if a polynomial-
time algorithm to solve the popular common base problem can be obtained by identifying the entire
set B into a single vertex. However this would require generalizing the algorithm in [20] to solve the
popular assignment problem (rather than the popular matching problem) with matroid constraints
in an instance with parallel edges. Recall that the popular matching problem is a special case of
the popular assignment problem and fixing the size of the solution makes the problem involved.
While popular matchings admit a simple characterization described by two edge sets [1], finding a
popular perfect matching [21] requires a sophisticated primal-dual type algorithm. Furthermore,
our algorithm for the popular common base problem works for preferences in partial orders, while
the algorithm in [20] does not seem to generalize to that setting.

Organization of the paper. The rest of the paper is organized as follows. Section 2 describes dual
certificates for popular common bases. Section 3 presents the popular common base algorithm and its
proof of correctness. In Section 4, we discuss popular common independent sets and their polytope.
Section 5 provides the algorithm for the popular common base problem with forced/forbidden
elements. Our hardness results are proved in Sections 6 and 7. Section 8 contains extensions and
related results. Appendix A offers examples of executions of our algorithm.

2 DUAL CERTIFICATES

In this section we show that every popular common base has a special dual certificate—this will be
crucial in designing our algorithm in Section 3.

In the popular common base problem, we are given a partition matroid Mpa onaset E = () ,cy Eo,
where V is the set of indices and each v € V is associated with a partial order >, over E,, and an
arbitrary matroid M = (E, I') of rank |V|. For each v € V and each ¢, f € E,, we write e ~, f to
denote that v is indifferent between e and f, i.e., e #, f and f #, e.

Given a common base B, there is a simple method (as shown in [22]) to check if B is popular or
not. We need to check that ¢(B, B’) > ¢(B’, B) for all common bases B’ of Mp,;; and M. For this,
we will use the following function wtg : E — {-1,0, 1}.

4Solving the popular matching problem for partial order preferences requires a different approach [21] than the simple
combinatorial characterization that forms the basis of the popular matching algorithm [1] which is generalized in [20].
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For any v € V, let B(v) be the unique element in BN E,. For any v € V and e € E,, let

1 ife >, B(v) (v preferse to B(v));
wtg(e) =1 0 ife~, B(v) (visindifferent between e and B(v));
-1 ife <, B(v) (vprefers B(v) to e).

It immediately follows from the definition of wtp that we have wtg(B’) = ¢(B’, B) — ¢(B, B’)
for any common base B’. Thus, B is popular if and only if every common base of Mt and M has
weight at most 0, where weights on E are given by wtg.

Consider the linear program problem LP1 below. The constraints of LP1 describe the face of
the matroid intersection polytope corresponding to common bases. Here, rank : 2 — Z, is the
rank function of the matroid M = (E, I'). That is, for each S C E, the value rank(S) is the size of a
maximum independent subset of S.

max Z wtp(e) - x, (LP1) min Z rank(S) - ys + Z ay (LP2)
ec€E SCE veV
s.t. er:l YoeV s.t. Z ys +a, > wtg(e) VecE,VoeV
ecE, S:e€S
erSrank(S) VSCE ys 2 0 VSCE.
eeS
Xe 20 Vee€kE.

The feasible region of LP1 is the common base polytope of the matroids My, and M. Hence LP1
is the max-weight common base LP with weights given by wtg. The linear program LP2 is the dual
LP in variables ys and a, where S C Eandov € V.

The common base B is popular if and only if the optimal value of LP1 is at most 0, more precisely,
if the optimal value is exactly 0, since wtg(B) = 0. Equivalently, B is popular if and only if the
optimal value of LP2 is 0. We will now show that LP2 has an optimal solution with some special
properties. For a popular common base B, a dual optimal solution that satisfies all these special
properties (see Lemma 2.1) will be called a dual certificate for B.

The function span : 28 — 2F of a matroid (E, T) is defined as follows:

span(S) = {e € E : rank(S +¢) =rank(S)} whereS C E.

In particular, if S € 7, then span(S) =SU{e€E:S+e¢ I }.

A chain C of length p is a collection of p distinct subsets of E such that for each two distinct
sets C,C’" € C, we have either C ¢ C’ or C" C C. That is, a chain has the form C = {C,Cy,...,Cp}
where C; S C; -+ C Cp.

Lemma 2.1 shows that LP2 always admits an optimal solution in the following special form. The
proof is based on basic facts on matroid intersection and linear programming.

LEMMA 2.1. A common base B is popular if and only if there exists a feasible solution (i, &) to LP2
such that Y gcp rank(S) - ys + X ey Qo = 0 and properties 1—4 are satisfied:
1. § is integral and its support C := {S C E : ys > 0} is a chain.
2. Each C € C satisfies span(BN C) = C.
3. Every element in C is nonempty, and the maximal element in C is E.
4. For each C € C, we have yc = 1. For eachv € V, we havea, = —|{C € C : B(v) € C }|.
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Proor. The optimal value of LP1 is at least 0 since wtg(B) = 0. Therefore, if there exists a
feasible solution (3, @) to LP2 whose objective value is 0, then (4, @) is an optimal solution to LP2
and the optimal value of LP1 is also 0, and hence B is a popular common base of My, and M.

If B is a popular common base, then the optimal value of LP2 is 0. We will now show that there
always exists an optimal solution (7, &) to LP2 that satisfies properties 1-4.

1. It is a well-known fact on matroid intersection (see, e.g., [33, Theorem 41.12]) that there exists
an integral optimal solution to LP2 such that the support of the dual variables corresponding
to the matroid M is a chain, which means property 1. Here, we give a proof to make the paper
self-contained.

Among all the optimal solutions to LP2, let (7, &) be the one that minimizes Y,gc5ys - |S| - |E\ S|.
Suppose to the contrary that the support of § is not a chain. Then there exist X, Y C E such that
X\Y#0,Y\X #0,yx > 0,and yy > 0. Set § = min{yx, yy}, decrease yx and yy by J, increase
yxuy and yxny by 8, and denote the resultant vector by Z. Then, Yg..csYs = Ds.ccs zs for any
e € E, and hence (Z, @) is feasible in LP2. Since rank(X) + rank(Y) > rank(X U Y) + rank(X NY)
by the submodularity of the matroid rank function, the objective value of (Z, @) is not smaller than
that of (¥, @), and hence (Z, @) is optimal. Since

Dlzs ISI-IENSI= ) w5 IS|- B\ S| =8+ (X[ + Y2 = XU Y[ - XN Y[%) <0,
SCE SCE

this contradicts the choice of (¥, @).

Thus, LP2 has an optimal solution (§*, @*) such that the support of §* is a chain. Let C be the
support of such * and LP2’ be a variant of LP2 such that variables i are defined as {yc}cec instead
of {ys}scg. Then, optimal solutions to LP2’ are also optimal solutions to LP2. Let C" = {E,}yev-
Then, both C and C’ are laminar families on E. Let M be the E X (C U C’) incidence matrix, i.e.,
M, =1if e € C and 0 otherwise. Since the incidence matrix of the union of two laminar families
is totally unimodular [12] (see also [33, Theorem 41.11]), so is M. This implies that LP2" has an
integral optimal solution, which is a solution to LP2 satisfying property 1.

2. Among all the optimal solutions to LP2 that satisfy property 1, let (7, @) be the one that
minimizes Y,c¢¢ |span(C) \ C|, where C is the support of §j. We claim that span(B N C) = C holds
for all C € C. Observe that each C € C satisfies yc > 0, and hence complementary slackness implies
that the characteristic vector X of B satisfies },,c¢ Xe = rank(C), i.e., |B N C| = rank(C). Therefore,
to obtain span(B N C) = C for all C € C, it suffices to show span(C) = C for all C € C. Suppose to
the contrary that it does not hold. Then there exists at least one C € C with span(C) # C. Among
all such C, let C* € C be the maximal one.

Define Z as follows: (i) Zspan(c*) = Yspan(c) + Y+, (ii) ze+ = 0, and (iii) zs = ys for all other S C E.
Then C’ = (C \ {C*}) U {span(C*)} is the support of Z. Note that C’ is again a chain because any
C € C with C* ¢ C satisfies span(C) = C by the choice of C*, hence span(C*) C span(C) = C.

Observe that (Z, @) is a feasible solution to LP2. Moreover, since rank(C*) = rank(span(C")),
it does not change the objective value. Thus (Z, @) is an optimal solution to LP2 that satisfies
property 1 and Y,cccr [span(C) \ C| < Y cec Ispan(C) \ C|. This contradicts the choice of (g, @).

3. Suppose (7, &) satisfies properties 1-2 but not property 3. If @ € C, then modify g by setting
yp = 0. Then 0 is removed from C. This does not change the objective value and does not violate
feasibility constraints.

IfE ¢ C, then add E to C and modify (7, @) by (i) setting yg = 1 and (ii) decreasing every a,
value by 1. Since rank(E) = |V|, the objective value does not change. Also, all constraints in LP2
are preserved. Hence the new solution satisfies properties 1-3.
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4. Among all the optimal solutions to LP2 that satisfy properties 1-3, let (, @) be the one that
minimizes Y scp ys and let C be the support of ij. Note that &y = — Ycec.p(v)ec Yc holds for
any v € V by complementary slackness (observe that xp(,) > 0 for B’s characteristic vector X).

Suppose yc+ > 2 for some C* € C. Define (Z, ﬁ) as follows: z¢. = yeo- — 1 and zg = yg for every
other S C E.Forany v € V, let f, = — ¥ccc.(v)ec zc- We will show below that (Z, §) is a feasible
solution to LP2. Let us first see what is the objective value attained by (Z, ﬁ).

This value is }}ccc rank(C) - zc + X ey fo- When compared to - rank(C) - yc + X ey @, the
first term has decreased by rank(C*) and the second term has increased by | {v € V : B(v) € C* } | =
|B N C*| < rank(C*). Thus the objective value does not increase.

We will now show that (Z, ﬁ) is a feasible solution to LP2, that is, }\ccc.ccc 2c + Bo = Wtg(e) for
each e € E,, v € V. Since (i, &) is feasible and the first term Y, ccc.ccc 2 decreases by at most 1
and the second term f3, = — X\cc¢.p(v)ec Zc never decreases, the only case we need to worry about
is when the first term decreases and the second term does not increase. This implies that e € C*

and B(v) ¢ C*; hence
Z zc+ Py = Z zc — Z zc > zow 2 1 2 wig(e).

CeC:eeC CeC:eeC CeC:B(v)eC

Thus (Z, ﬁ) is a feasible solution to LP2; furthermore, it is an optimal solution to LP2. Since we have
YisceZs < X sci s, this contradicts the choice of (§, @).

Thus, we have shown that (g, @) satisfies properties 1-3 and yc = 1 for all C € C. Since we have
®y = = 2icec:B(v)ec Yo, it follows that a, = [ {C € C : B(v) € C}|foreachov € V. O

For any chain C, we will now define a subset E(C) of the ground set E that will be used in our
algorithm. The construction of E(C) is inspired by the construction of an analogous edge subset in
the popular assignment algorithm [21].

For a chain C = {Cy,Cy,- -+ ,Cp} with @ € C; € --- C€ Cp, = E, define

leve(e) = the index i such thate € C; \ C;—; foranye € E,
levi(v) = max {levc(e) : e € Ey } foranyo €V,

where we let Cy = (0. Thus every element e € E has a levelin {1, ..., p} associated with it, which is
the minimum subscript i such that e € C; (where C; € C). Furthermore, each v € V has a lev,,-value
which is the highest level of any element in E,,.

Define E(C) C E as follows. For each v € V, an element e € E, belongs to E(C) if one of the
following two conditions holds:

e levc(e) = lev(;(v) and there is no element e’ € E, such that leve(e’) = levi;(v) and e’ >, ¢;
e levc(e) = lev;(v) — 1 and there is no element e’ € E, such that levc(e’) = lev;(v) — 1 and
e’ >, e, and moreover, e >, f for every f € E, with leve(f) = lev*c (v).

In other words, e € E, belongs to E(C) if either (i) e is a maximal element in E, with respect to >,
among those at level lev, (v) or (ii) e is a maximal element in E, among those at level lev, (v) — 1
and v strictly prefers e to all elements at level levj; (v). From Lemma 2.1, we obtain the following
useful characterization of popular common bases.

LEMMA 2.2. A common base B is popular if and only if there exists a chain C = {Cy,...,Cp} such
that0 ¢ C; C--- € C, =E, B C E(C), andspan(BN C;) = C; forallC; € C.

The proof is given below. Recall that for a popular common base B, we defined its dual certificate
as a dual optimal solution (4, &) to LP2 that satisfies properties 1-4 in Lemma 2.1. As shown in the
proof of Lemma 2.2, we can obtain such a solution (7, &) from a chain satisfying the properties in
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Lemma 2.2. We therefore will also use the term dual certificate to refer to a chain as described in
Lemma 2.2.

Proor oF LEMMA 2.2. We first show the existence of a desired chain C for a popular common
base B. Since B is popular, we know from Lemma 2.1 that there exists an optimal solution (g, @) to
LP2 such that properties 1-4 hold, where C is the support of §j. Since the properties® C C; € ---
Cp = E and span(B N C;) = C; (VC; € C) directly follow from properties 3 and 2, respectively, it
remains to show that B C E(C).

Since (4, @) is a feasible solution of LP2, we have Y g..cs ys + @, > wtg(e) for every e € E, with

v € V. By property 4, the left-hand side can be expressed as
|[{CieC:eeCi}|-|{CiceC:B(v)eCi}| = (p—levg(e)+1)—(p—leve(B(v))+1)
= levg(B(0)) — leve(e).

Thus it is equivalent to the condition that for every e € E,:

1 ife >, B(v);
leve(B(v)) — leve(e) = wtg(e) =40  if e ~, B(v); (1)
-1 ife <, B(v).

In particular, this holds for an element e’ with levc (e”) = lev; (v), and hence we have leve (B(v)) 2

levi, (v) — 1. Since levc (B(v)) < levg (v) by B(v) € Ey, leve(B(v)) is either levi, (v) or levy () — 1.

e If leve(B(v)) = lev,(v), then for any e € E, with levc(e) = levi;(v), the left-hand side

of (1) is 0, and hence it must be the case that either B(v) >, e or B(v) ~, e. Hence B(v) is a
maximal element in { e € E, : levc(e) = levi,(v) } with respect to >,.

e Iflevc(B(v)) = levi;(v) — 1, then we can similarly show that B(v) is a maximal element in
the set { e € E, : levc(e) = levi,(v) — 1} with respect to >,. Furthermore, in this case, for
any e € E, with levc(e) = lev(;(v), the left-hand side of (1) is —1, and hence B(v) >, e must
hold.

Therefore, in either case, we have B(v) € E(C), which implies that B C E(C).

For the converse, suppose that C = {Cy,...,Cp} is a chain such that ) ¢ C; ¢ --- € C, = E,
B C E(C), and span(B N C;) = C; for all C; € C. Define 4 by y¢, = 1 for every C; € C and ys = 0
for all S € 25\ C. We also define @ by a, = —|{C € C : B(v) € C}| for any v € V. Then (4, &)
satisfies properties 1-4 given in Lemma 2.1, and these properties also imply that the objective value
is 0. Thus it is enough to show that (¥, @) is a feasible solution to LP2, because it implies that B
is a popular common base by Lemma 2.1. Observe that constraint (1) is satisfied for every v € V
and e € E,, which follows from B C E(C). Since it is equivalent to the constraint in LP2 forv € V

and e € E,, the proof is completed. O

3 OURALGORITHM

We now present our main result. The popular common base algorithm seeks to construct a common
base B along with its dual certificate C = {Cy, ..., Cp}, which is a chain satisfying (i) 0 ¢ C; €
-+ Cp =E,(ii) B € E(C), and (iii) span(BN C;) = C; for all C; € C.
o The existence of such a chain C means that B is popular by Lemma 2.2.
e Since a popular common base need not always exist, the algorithm also needs to detect
when a solution does not exist.

The algorithm starts with the chain C = {E} and repeatedly updates it. It always maintains C as
a multichain, where a collection C = {Cy,-- -, Cp} of indexed subsets of E is called a multichain
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if C; C -+ C Cp. Note that it is a chain if all the inclusions are strict. We will use the notations
leve, levp,, and E(C) also for multichains, which are defined in the same manner as for chains.

During the algorithm’s execution, C = {Cy,..., Cp} is always a multichain with C;, = E and
span(C;) = C; for all C; € C. Note that when span(C;) = C; holds, for any set B C E, the condition
span(B N C;) = C; in (iii) above is equivalent to |B N C;| = rank(C;). Furthermore, as explained
later, any multichain can be modified to a chain that satisfies condition (i) preserving the remaining
conditions (ii) and (iii). Therefore, we can obtain a desired chain if |B N C;| = rank(C;) is attained
for all C; € C for some common base B C E(C) in the algorithm.

Lex-maximal common independent set. In order to determine the existence of a common base
B C E(C) that satisfies |B N C;| = rank(C;) for all members C; € C of the chain, the algorithm
computes a lex-maximal common independent set I in E(C). That is, I is a common independent set
whose p-tuple ([INCy|, ..., [INCy]) is lexicographically maximum among all common independent
sets in E(C). If (I N Cyl,...,[I N Cp|) = (rank(Cy), ..., rank(Cp)), then we can show that I is a
popular common base’; otherwise the multichain C is updated. We describe the algorithm as
Algorithm 1; recall that rank(E) = |V|.

Algorithm 1 The popular common base algorithm

1: Initialize p = 1 and C; = E. > Initially we set C = {E}.

2: while p < |V|do

3 Compute the subset E(C) of E from the current multichain C.

4: Find a common independent set I that lexicographically maximizes (I N Cyl,...,[I N Cp|)
subject to I C E(C).

5: if |I N C;| = rank(C;) for every i = 1,..., p then return I.

6 Let k be the minimum index such that |I N Ci| < rank(Cy).

7: Update Cy « span(I N Cy).

8 ifk=pthenp < p+1,C, « E,and C < C U {Cp}.

9: Return “The input instance has no popular common base”

We include some example instances of the popular arborescence problem in Appendix A to
illustrate the working of Algorithm 1 on the arborescence setting.
The following observation is important.

OBSERVATION 3.1. During the execution of Algorithm 1, C is always a multichain and span(C;) = C;
holds for all C; € C.

Proor. When Cy is updated, it becomes smaller, but the inclusion Cx_; € Cy is preserved. Indeed,
since |I N Cy_1| = rank(Ck_1) by the choice of k, we have Cy_; C span(I N Cx_1) C span(I N Cy),
for the set Ci before the update. Hence the updated value for Cy, i.e., span(I N Cy), is still a superset
of Cx_1, and thus C remains a multichain.

Since any C; € C is defined in the form span(X) for some X C E (note that E = span(E)) and
span(span(X)) = span(X) holds in general, we have span(C;) = C;. O

Running time of the algorithm. Before showing the correctness of the algorithm, here we briefly
discuss the time complexity of Algorithm 1 on an instance J with |E| = m and |V| = n. We assume
that the partial order >, over E, associated with each v € V is represented by a Hasse diagram,
given as part of J. Then Line 3 can be implemented in O(]|J|) time. Note that a Hasse diagram

5Observe that the common independent set I will be a common base since [N E| = |IN Cp| = rank(Cp) = rank(E) = [V]|.
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over E, may require @(|E,|?) space, so the total size of Hasse diagrams may add up to ®(m?). Line 4
can be executed by solving an instance of the weighted matroid intersection problem, for which
various efficient algorithms are known (see, e.g., [13, 19, 33]). Here, we assume that the matroid
M = (E, T) is given by an independence oracle or a rank function oracle. Lines 5-8 require O(m)
time. To bound the number of iterations of the while loop, consider the value ;7 rank(C;), where
we let rank(C;) = n for each C; that is undefined. This value is n? at the beginning and decreases in
every iteration. Thus, the number of iterations is at most n®. These imply that Algorithm 1 can be
implemented in polynomial time.

In the case of the popular arborescence problem, our input is a directed rooted graph with vertex
preferences and we can provide a more precise complexity analysis. In this case, Line 4 can be done
by a max-weight branching algorithm [2, 5, 11], which can be implemented to run in O(mlogn)
by Tarjan’s algorithm [35]. Then, Algorithm 1 runs in O(n?(mlogn + | J|)) time, where the total
size of Hasse diagrams of input preferences may add up to ®(n?) in this case. This running time
can be further simplified to O(n?mlog n) if preferences are weak rankings, which can be simply
represented as preference lists.

Correctness of the algorithm. Suppose that a common independent set I is returned by the
algorithm. Then I is a common base (see Footnote 5) with I C E(C), where C is the current
multichain. Since I was returned by the algorithm, we have |I N C;| = rank(C;) for all C; € C and
this implies span(I N C;) = C; for all C; € C by Observation 3.1.

In order to prove that I is a popular common base, let us first prune the multichain C to a
chain C’, i.e., C’ contains a single occurrence of each C; € C; we will also remove any occurrence
of 0 from C’. Observe that E(C) C E(C’): indeed, if C; = Ci4; in C, then no element e € E can
have levg(e) = i + 1, and hence no element gets deleted from E(C) by pruning Ci;; from C. Thus
I C E(C) € E(C’). This implies that C" = {C7, . ..,C;,} satisfles@ C C] € --- & C;, =EICE(C),
and span(I N C}) = C] for all C; € C’.° Hence I is a popular common base by Lemma 2.2.

We will now show that the algorithm always returns a popular common base, if the input instance
admits one. Let B be any popular common base of Mat and M and let D = {Dy, ..., D4} be a dual
certificate for B.

Cramm 3.2. We have q < |V| where |D| = q.

Proor. From the definition of dual certificate, we have ® C D; € --- € Dy = E and span(D;) =
D; for each D;. This implies 0 < rank(D;) < --- < rank(Dy). Since rank(Dg) = rank(E) = |V|, we
obtain g < |V]|. O

The following crucial lemma shows an invariant of the algorithm that holds for the multichain
C = {C,...,Cp} constructed in the algorithm and a dual certificate D = {D,...,Dg} of any
popular common base B. The proof will be given in this section.

LEmMMA 3.3. During the execution of Algorithm 1, we always havep < qandD; C C; fori =1,...,p.

If p = |[V| + 1 occurs in Algorithm 1, then Lemma 3.3 implies ¢ > |V| + 1. This contradicts
Claim 3.2. Hence it has to be the case that the input instance has no popular common base when
p = |V| + 1. Thus, assuming Lemma 3.3, the correctness of Algorithm 1 follows.

Before we prove Lemma 3.3, we need the following claim on E(C) and E(D).

Cramm 3.4. Assumep < qandD; CC; fori=1,...,p. Foreache € E, iflevc(e) = levp(e) and
e € E(D), thene € E(C).

®In fact, it will turn out that C = C’, i.e., the final C obtained by the algorithm itself is a dual certificate of I if the algorithm
returns a common base I. This fact follows from Lemma 3.3 (with C’ substituted for D).
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Proor. Suppose for the sake of contradiction that e fulfills the conditions of the claim, but
e ¢ E(C).Lete € E,. It follows from the definition of E(C) that there exists an element ¢’ € E, such
that one of the following three conditions holds: (a) levg (e”) > leve(e)+2, (b) levg(e’) = leve(e)+1
and e #, €', or (c) levg(e’) = levg(e) and e’ >, e.

Because D; C C; for each i € {1,...,p}, we have levp(e’) > leve(e’). Since levp (e) = leve (e),
the existence of such an e’ € E, implies e ¢ E(D), a contradiction. Thus we have e € E(C). O

The proof of Lemma 3.3 will use the following fact, known as the strong exchange property, that
is satisfied by any matroid.”

Fact 3.5 (BRUALDI [4]). ForanyX,Y € 7 ande € X \ 'Y, ifY + e & I, then there exists an element
feY\XsuchthatX —e+fandY+e—fareinI.

Now we provide the proof of Lemma 3.3. As mentioned above, this completes the proof of the
correctness of our algorithm, and hence we can conclude Theorem 1.5.

Proor oF LEMMA 3.3. Algorithm 1 starts with C = {E}. Then the conditions in Lemma 3.3 hold
at the beginning. We show by induction that they are preserved through the algorithm.

It is easy to see that the condition p < g is preserved. Indeed, whenever Algorithm 1 is going
to increase p (in line 8), it is the case that p + 1 < g because D, C C;, ¢ E = D, by the induction
hypothesis. Thus p < ¢ is maintained in the algorithm.

We now show that D; € C; (i = 1,..., p) is maintained. Note that C is updated in lines 7 or 8. The
update in line 8 (adding C,, = E) clearly preserves the condition. We complete the proof by showing
that the update in line 7 also preserves the condition, i.e., we show the following statement.

e Let C = {Cy,...,Cp} be a multichain with C, = E such that p < qand D; € C; for
i=1,...,p. Suppose that the following two conditions hold.
(1) Iis alex-maximal common independent set subject to I € E(C).
(2) span(INC;) =Cifori=1,...,k —1,and span(I N C¢) < Ck.
Then Dy C span(I N Cy).
To show this statement, assume for contradiction that Dy & span(I N Cy).

We will first show the existence of distinct elements e; and f; such that ey, f; € E,, for some
v; € Vand fi € B\ I while e; € I\ B. Then we will use the pair e;, fi to show the existence
of another pair e,, f, such that ey, f, € E,, where f; # f; and f, € B\ I while e; € I \ B. In this
manner, for any ¢t € Z; we will be able to show distinct elements fi, f2,.. ., f; that belong to B.
However, B has only |V| elements, a contradiction. Then we can conclude that our assumption
Dy € span(I N Cy) is wrong. The following is our starting claim.

CrLAIM 3.6. There existsv, € V such that there are ey, fi € E,, satisfying the following properties:

(1) ieB\L I =(INCy)+fiel,I; CEC),andleve(fi) =k,
(2) e €I, \ Bandlevc(ey) =levp(er) < k.

CrAM PROOF. Since D is a dual certificate of B, we have span(BNDy) = Dg.So Dy € span(INCy)
implies that span(B N Dy) € span(I N Ci). Hence B N Dy ¢ span(I N Cg). So there exists f; such
that f € BN Dy and f; ¢ span(I N Cy).

Since Dy € Ci, we have fi € Dy C Ci. We also have Di_; C Cx—; = span(I N Cx—1) C
span(I N Cy) # fi. Hence fi € Cx \ Cx—1 and f; € Di \ Dy_1, ie., leve(fi) =levp(fi) = k.

"The original statement in [4] claims this property only for pairs of bases (maximal independent sets), but it is equivalent

to Fact 3.5. Indeed, if we consider the rank(E)-truncation of the direct sum of (E, 7') and a free matroid whose rank is
rank(E), then the axiom in [4] applied to this new matroid implies Fact 3.5 for (E, I').
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Since f; € B C E(D) and leve(fi) = levp(f1), we have f; € E(C) by Claim 3.4. As I C E(C), we
then have I; := (INCy) + fi € E(C). Also, I; € I by fi ¢ span(I N Cy). Since leve(f1) = k, the
setI; = (I N Cy) + fi is lexicographically better than I. Then, the lex-maximality of I implies that
I; must be dependent in My, i.e., there exists e; € I; such that e; # f; and e, f; € E,, for some
v, €eV.

We have levg(e;) < kase; € 1 — fi = INCk. Since f; € E, NBand |E, NB| < 1, we have e; ¢ B.
Note that f; € E(D) implies levp(f;) > levp(e) —1and e; € E(C) implies leve(er) > leve (fi) — 1.
Note also that, for any element e € E, we have levp (e) > leve(e) because D; C C; for all i.

o If fi >, e1, thenlevg(er) > leve(fi) by e; € E(C).? and hence levy (f;) > levp(ey) — 1
leve(er) — 1 > leve(fi). As we have levy (fi) = leve (f1), all the equalities hold.

e Ife; >, fi,thenlevp(fi) > levp(er) by fi € E(D), and hence levp(fi) = levp(e) +1
levg(er) +1 = leve(f1)- As we have levy (fi) = leve (f1), all the equalities hold.

o If fi ~,, €1, thenleve(er) = leve(fi) by e € E(C); also levp (f1) = levp(er) by fi € E(D).
Hence, we have levp (f1) = levp(e;) = levg(er) = leve(fi). Since levp (fi) = leve(fi), all
the equalities hold.

Thus in all the cases, we have leve(e;) = levp(e;) < kande; € I; \ B. <

v

I\

Our next claim is the following. Recall that ; := (INCy) + fi € 1.

CrAIM 3.7. There exists v, € V such that there are e,, f; € E,, satisfying the following properties:

(1) feB\Il, L:=IL—ei+f, €I, I, CE(C),andlevc(er) =leve(f),
(2) e, € I, \ Bandlevc(ey) =levp(es) < k.

CraM PROOF. We know from Claim 3.6 that ; = (I N Cy) + fi € Z. Observe that the set I;
satisfies span(l; N C;) = span(I N C;) = C; for each 1 < i < k — 1; this is because [ N C; = I N C;
for each i < k — 1. Let us apply the exchange axiom in Fact 3.5to I}, B € 7 and e; € I; \ B. Since B
is maximal in 7, we have B + e; ¢ 7, and hence there exists f, € B\ I; such thatI; —e; + f; and
B+e —frarein 1.

Using that span(BND;) = D, for1 < i < gq,from e; ¢ span(B—f;) we obtain levp (f2) < levp(eq):
indeed, assuming levp(f;) = ¢ > 2 we get D;—; = span(B N D,_;) C span(B — f2), which
implies e; ¢ D,_; and hence also levp(e;) > ¢ = levp(f2). Similarly, from f, ¢ span(l; — e),
levg(eg) < k, and span(I; N C;) = C; for 1 < i < k — 1, we obtain levg(e;) < levg(f2). Thus we
have levg(er) < leve(f2) < levp(f2) < levp(e1) = leve(er), implying all the equalities. Hence we
have

feB\L, leve(f) =levn(f), leve(er) = leva(fy).
As f, € B C E(D), Claim 3.4 implies f, € E(C).

Observe that , =T —e;+ f, = INCy)+ fi —e1 + f2 € E(C), and recall I, € 1. Since
leve(er) = leve(f2) and leve (fi) = k, I is lexicographically better than I. This implies that I must
be dependent in M. By the same argument as used in Claim 3.6 to show levc(er) = levp (er),
we see that there exists e; such that e,, f, € E,, for some v, € V, satisfying

es €L\ B, leve(ey) =levp(er) < k.
This completes the proof of this claim. <

Note that f, # f since f; € I; and f; € B\ I;. Let t € Z,. As shown in Claim 3.7 for t = 3, suppose
we have constructed for 2 < j <t —1:

8 Actually, the case f; >y, €1 is impossible because levc (e1) > leve (f1) contradicts leve (e1) < k = leve (f1). We write
the proof in this form because the proofs of Claims 3.7 and 3.8 refer to the argument here to apply it to e;, fj, where
leve (fj) = k is not assumed.
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(1) fjeB\Ij_y, I; :=Ij_1—ej_1+ fj € I, I; C E(C), and lev¢(ej—1) = leve(f),
(2) ej € I; \ Band levg(ej) =levp(e;) < k.

For each j with 2 < j < t — 1, note that I satisfies span(I; N C;) = span(I N C;) = C; for each i
with 1 < i < k — 1. Indeed, since leve(ej—1) = leve(fj), we have |I; N C;| = |I N C;| = rank(C;) for
each i with 1 < i < k — 1. This implies span(I; N C;) = C;. Claim 3.8 generalizes Claim 3.7 for any
t>3.

CraiM 3.8. There existsv, € V such that there are e;, f; € E,, satisfying the following properties:

(1) ﬁ €B \ It—l, It = It—l —€r—1 +ﬁ S I, It c E(C), and Ievc(et_l) = IeVC(ﬁ),
(2) e, € I; \ Bandleve(e;) =levp(e;) < k.

CLAIM PROOF. Let us apply the exchange axiom in Fact 3.5to I;_;,B € 7 and ¢;—; € I;_1 \ B.
Since B+ e;_1 ¢ I, there exists f; € B\ I;_; such thatl,_; —e;_1 + fyand B+ e;_; — f; arein J.

By the conditions span(B N D;) = D; for 1 < i < q we have levp(f;) < levp(e;—1), and by
span(l;_1 N C;) =C;for1 < i < k—1and levg(e,—1) < k we have levg(e;—1) < leve(f;). Then
leve(er—1) < leve(fy) < levp(fi) < levp(e;—1) = leve(er—1), and hence all the equalities hold.

So we have f; € B\ L;_1,leve(f;) = levp(f;), and levg(e,—1) = leve(fy). As f; € B € E(D),
Claim 3.4 implies f; € E(C).

Observethatl; =L_1—e_1+fi=IUNCk)+fi—e1+...+ fic1 —e—1+ f; € E(C), and recall
I; € 1. Since levg(ej-1) = leve(fj) for 2 < j < t and leve(fi) = k, the set I; is lexicographically
better than I. This implies that I; must be dependent in Mp,,;. By the same argument as used in
Claim 3.6 to show lev¢ (e;) = levp(e;), we see that there exists e; such that e, f; € E,, for some v,
satisfying also e; € I; \ B and leve(e;) = levp(e;) < k. This completes the proof of this claim. <

Observe that f; is distinct from fi, ..., f;—1 since {fi, ..., fi—1} € I;—; while f; € B\ I;_;. Thus, for

each t € Z,, we have shown distinct elements fi, ..., f; in B, contradicting that |B| < |V|. Therefore,
it has to be the case that Dy C span(I N Cy).
This completes the proof of Lemma 3.3. O

4 POPULAR COMMON INDEPENDENT SET POLYTOPE

This section proves Corollary 1.6 and Theorem 1.7.

As a motivating example, we start by describing the popular colorful forest problem. Let
G = (U, E) be an undirected graph where E = E; U --- U E,, ie., E is partitioned into n color
classes. Equivalently, there are n agents 1,...,n where agent i owns the elements in E;. For each i,
there is a partial order >; over elements in E;.

Recall that S C E is a colorful forest if (i) S is a forest in G and (ii) |S N E;| < 1 for every
i € {1,...,n}. That is, we seek an acyclic network with diversity, i.e., there is at most one edge
from each color class. We refer to Section 1 on how every agent compares any pair of colorful
forests; for any pair of colorful forests F and F’, let ¢(F, F’) be the number of agents that prefer
F to F’. A colorful forest F is popularif ¢(F, F') = ¢(F’, F) for any colorful forest F’. The popular
colorful forest problem is to decide if a given instance G admits a popular colorful forest or not.
Observe that a colorful forest is a common independent set in the intersection of the partition
matroid defined by E; U - - - U E,, and the graphic matroid of G. Therefore, this problem is a special
case of the popular common independent set problem.

An input of the general popular common independent set problem is essentially the same as
for the popular common base problem: we are given a partition matroid My, over a set E with
the partition classes of M, being indexed by a finite set V, and with each v € V having a partial
order >, over the partition class E,; we are also given an arbitrary matroid M = (E, I'). Here, it is
not necessarily assumed that the rank of M is |V|. We say that v € V prefers a common independent
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set I to a common independent set I’ if either (i) I N E, is a singleton while I’ N E, is empty, or
(ii) both I N E, and I’ N E, are singletons and v prefers the element in I N E, to that in I’ N E,. The
value ¢(I,I’) denotes the number of indices in V that prefer I to I’.

Definition 4.1. A common independent set I of the matroids Mp.r¢ and M is popular if ¢(1,1") >
¢(I',I) for all common independent sets I’.

We now show that Algorithm 1 solves the popular common independent set problem. To this end,
we will construct an auxiliary instance whose common bases correspond to common independent
sets of the original instance.

An auxiliary instance. For each v € V, add a dummy element e, to E and call the resulting ground
set E. The new partition matroid Mpart is defined by the partition E= (*Jyev (EsU{ey}). Furthermore,
for each v € V, the dummy element e, will be the worst element in v’s preference order >, that
is, every f € E, satisfies f >, e,. To define the other new matroid M, first we add the dummy
elements { e, : v € V } to the ground set E of M as free elements, i.e., for any v € V, any set S C E
excluding e, cannot span e,. As we want to reduce the current problem to the popular common
base problem, we further truncate the matroid with size |V|, i.e., all sets of size larger than |V| will
be deleted from the independent set family. Let M denote the resultant matroid.

Observe that there exists a one-to-one correspondence between common independent sets of
Mpart and M and common bases of Mpart and M. Suppose I is a common independent set of Mpar
and M and let W C V be the set of indicesv € V withINE, = 0. Let B=1U U, ey {€y}. Then B is
a common base of Mpart and M. Conversely, given a common base B of Mpart and M, we can obtain
a common independent set I of M.+ and M by deleting the dummy elements.

Popularity in the original and auxiliary instances. Let I and I’ be common independent sets of the
original matroids Mp,,: and M and let B and B’ be the common bases of the auxiliary matroids Mpart
and M that correspond to I and I’, respectively. Observe that ¢(I,I') = ¢(B, B’). Thus, popular
common independent sets of Mp,,x and M correspond to popular common bases of Mpart and M,
and vice versa. Therefore, the popular common independent set problem reduces to the popular
common base problem, and hence can be solved by Algorithm 1. From this, Corollary 1.6 follows.

The popular common independent set polytope. Every popular common base B of the auxiliary
matroids Mpart and M has a dual certificate as given in Lemma 2.1° and Lemma 2.2. We will now
show that dual certificates of the auxiliary instance are even more special than what is given in
Lemma 2.2—along with the properties described there, the following property is also satisfied.

LEMMA 4.2. Let B be a popular common base of the auxiliary matroids Mpart and M and let
C ={Cy,...,Cp} be a dual certificate for B. Then p < 2.

ProoF. Suppose not, i.e., p > 3. From the definition of a dual certificate C, we have 0 &
CI G- CC = E (see Lemma 2.2). We will now show that BN C; = (. Since we have
span(BNCy) = Cy, this means C; = 0; however this contradicts C; # (. This will give us the desired
contradiction, proving p < 2.

In order to show that B N C; = 0, it suffices to prove that for each v € V, the unique element in
BN (E, U {ey}), denoted by B(v), is not contained in C;.

o If B(v) # ey, then the dummy element e, is not in B. Since e, is not spanned by any set
S C E with e, ¢ S and rank(S) < [V|, the condition span(B N Cj) = Cj, yielding also
|B N Cj| = rank(Cy), for all j = 1,2,...,p implies that e, ¢ C; for any j < p. Hence

9In LP1 and LP2 defined with respect to B, the set E,, will be replaced by E, U {e, } and the rank function of M will be used.
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leve (ey) = p, which implies that every edge in E(C) N E, has level either p or p — 1. Because
p > 3, this means that no element of C; is present in E(C) N E,. Thus we have B(v) ¢ C;.

o If B(v) = e,, then e, € E(C). This implies levi(e,) > 1 because e, is the worst element in
E, U {e,}. Hence B(v) is not in C;.

In both cases, B(v) ¢ C; for every v € V. Thus we have BN C; = 0, as desired. O

Lemma 4.2 shows that any dual certificate C for a popular common base B in the auxiliary
instance has length at most 2, i.e., B has a dual certificate either of the form C = {E} or of the form
C = {C, E}. Let B be the popular common base computed by Algorithm 1 in the auxiliary instance,
and let C be a dual certificate for B. The following lemma shows that if preferences are weak
rankings, then C is a dual certificate for all popular common bases. Note that this proof crucially
uses the fact that preferences are weak rankings—recall that we use this assumption in Theorem 1.7
as well. Indeed, assuming weak rankings is indispensable there, since the min-cost popular common
independent set problem for partial order preferences is NP-hard, due to the NP-hardness of its
special case, the min-cost popular branching problem with partial order preferences [22].

LEMMA 4.3. Assume that preferences are weak rankings and suppose that B is the popular common
base computed by Algorithm 1 applied to the auxiliary instance Mpay and M, and that C is a dual
certificate for B. Then for any arbitrary popular common base B’ in the auxiliary instance, we have

(i) B’ C E(C) and (ii) if C = {C, E}, then |B’ N C| = rank(C).

ProoF. Let (i, @) be the dual variables defined from C as given in Lemma 2.1. That is, y = 1
for each C € C and ys = 0 for any other S CEanda,=—-|{CeC:B() Eé}Iforeveryv ev.
Note that the length of C is at most two by Lemma 4.2.

Consider LP1 and LP2 defined with respect to B. Since both B and B’ are popular, their char-
acteristic vectors are both optimal solutions to LP1. Since (4, &) is an optimal solution to LP2,
if C = {C, E} then we have |B’ N C| = rank(C) by complementary slackness. It remains to show
that B’ € E(C). We distinguish between two cases, depending on whether the length of C is one
or two.

(1) Suppose that C = {E}. Let D be a dual certificate of B’ as described in Lemma 2.2. Then
B’ C E(D). Assume that D = {D, E}, as otherwise D = {E} = C.
Take any v € V. We are going to show that B’(v) € E(C). If B'(v) € D then we have
levp (B’ (v)) = 1 = leve (B’ (v)); along with B’ (v) € E(D), this implies B’ (v) € E(C) by
Claim 3.4. We thus assume that B’ (v) ¢ D.
Since the characteristic vector X of B and X’ of B’ are optimal solutions to LP1 (defined with
respect to B) and (3, @) is an optimal solution to LP2 (its dual LP), we will use complementary
slackness. Because xp(,) = 1, we have ZCGC;B(u)eé Ya + &y = wtg(B(v)) = 0. Similarly,
because les/(u) = 1, we have ZCEC:B’(U)EC ys + oy = witg(B’(v)). By subtracting the former
from the latter, we obtain

Dove = DL ye = wi(B/(v). @)

CeC:B (v)eC CeC:B(v)eC

Since C = {E}, the left-hand side is 1 — 1 = 0. By this wtg(B’(v)) = 0, which implies
B(v) ~, B’(v). The fact B(v) € E(C) implies that B(v) is maximal with respect to >,
in E, U {e,}. Because >, is a weak ranking, B(v) ~, B’(v) means that B’ (v) is also maximal,
and hence B’ (v) € E(C) follows.

(2) Suppose now that C = {C, E}. Let D be a dual certificate of B’. Then we have D = {D, E}
and D C C by Lemma 3.3. Take any v € V. We are going to show that B'(v) € E(C). If
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B’(v) ¢ C (respectively, if B'(v) € D), then B’ (v) ¢ D (respectively, B'(v) € C); hence in
these cases we get leve (B’ (v)) = levp (B’(v)). This fact along with B’ (v) € E(D) implies
that B’ (v) € E(C), by Claim 3.4. Therefore, let us assume that B’(v) € C \ D.

By the same analysis as given in Case 1, Equation (2) holds. Let us also consider LP1 and LP2
defined with respect to B’ (instead of B). Let (Z, E) be the optimal solution of LP2 corre-
sponding to D. As before, the characteristic vectors of B and B’ are optimal solutions to LP1.
By the same argument (with B, B and D taking the places of B, B’, and C, respectively),

we have:
Z zp — Z zp = wtg (B(0)). 3)

DeD:B(v)eD DeD:B (v)eD

Since B’(v) € C, the left-hand side of (2) is 1 or 0, and so is wtg(B’(v)), which implies that
we have B’ (v) >, B(v) or B’(v) ~, B(v). Furthermore, since B’ (v) ¢ D, the left-hand side
of (3) is 1 or 0, and so is wtp (B(v)), which implies that B(v) >, B'(v) or B(v) ~, B'(v).
Therefore we must have B’ (v) ~, B(v). Hence B(v) € C follows from (2).

We have shown that B’ (v) ~, B(v) and B(v) € C. We also have B’ (v) € C.Since B(v) € E(C),
we see that B(v) is maximal in CN (E, U {e,}) and dominates all elements in (E, U {e,}) \ C
with respect to >,. Since >, is a weak ranking and B’(v) ~, B(v), the element B’ (v) € C
also satisfies these conditions, and hence B’ (v) € E(C).

Thus, in both cases we have B’ (v) € E(C) for every v € V. Hence B’ C E(C). O

By Lemma 4.3, any popular common base B’ in the auxiliary instance (consisting of Mpart and M)
satisfies B© C E(C) and |B’ N C| = rank(C) if C = {C, E}. Conversely, any common base B in
the auxiliary instance that satisfies these conditions is popular by Lemma 2.2. Therefore the set
of all popular common bases in the auxiliary instance can be described as a face of the matroid
intersection polytope of Mpart and M. Since a popular common independent sets in the original
instance (consisting of Mp,; and M) is obtained by deleting the dummy elements from popular
common bases in the auxiliary instance, Theorem 1.7 follows. We now restate this result more
explicitly as Theorem 4.4 below. Here, a projection means the deletion of variables corresponding
to the dummy elements { e, : v € V } we have added in the construction of the auxiliary instance.

THEOREM 4.4. Assume that preferences are weak rankings and suppose that C = {C, E} is a dual
certificate for the popular common base returned by Algorithm 1 when applied to the auxiliary
matroids Mpart and M. Then the popular common independent set polytope of the original instance is
a projection of the polytope that is defined by the constraints Y, ,cc X, = rank(C) and x, = 0 for all
e € E\ E(C) along with all the constraints of LP1.

5 POPULAR COMMON BASE WITH FORCED/FORBIDDEN ELEMENTS

We prove Theorem 1.8 in this section. Observe that the problem of deciding if there exists a popular
common base B such that B 2 E* for a given set E* C E of forced elements can be reduced to
the problem of deciding if there exists a popular common base B such that certain elements are
forbidden for B.

Let V' C V be the set of those elements v such that E, N E* # 0; clearly, we may assume
|E, NE*| = 1foreachov € V'.Let E' = |J ey (Ey \ E*). Since B 2 E* ifand only if BN E’ = 0, it
follows that the problem of deciding if there exists a popular common base B such that E* C B and
E™ N B = 0 reduces to the problem of deciding if there exists a popular common base B such that
BN Ey =0 for a set Ey C E of forbidden elements.
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Forbidden elements. We present our algorithm that decides if there exists a popular common base
that avoids E, for a given subset E, of E as Algorithm 2. The only difference from the original popular
common base algorithm (Algorithm 1) is in line 4: the new algorithm finds a lexicographically
maximal common independent set in the set E(C) \ Ey instead of E(C). Recall that rank(E) = |V]|.

Algorithm 2 The popular common base algorithm with the forbidden element set E,

1: Initialize p = 1 and C; = E. > Initially we set C = {E}.

2: while p < |V|do

3: Compute the set E(C) from the current multichain C = {Cy,...,Cp}.

4: Find a common independent set I that lexicographically maximizes (|I N Cyl,...,[I N Cp|)
subject to I C E(C) \ Ey.

5: if |I N C;| = rank(C;) for every i = 1,..., p then return I.

6 Let k be the minimum index such that |I N Cg| < rank(Cy).

7: Update Cy « span(I N Cy).

8 ifk=pthenp < p+1,C, « E,and C «— C U {Cp}.

9: Return “The input instance has no popular common base that avoids E,.”

THEOREM 5.1. Let Ey C E. There exists a popular common base B such that BN Ey = 0 if and only
if Algorithm 2 returns a popular common base with no edge of Ey.

Proor. The easy side is to show that if Algorithm 2 returns a common independent set I, then
(i) I is popular and (ii) I N Ey = 0. As done in Section 3, let us prune the multichain C into a
chain C’. Because I C E(C) \ Eg and E(C) C E(C’), we have I C E(C’) \ Ey. Since I C E(C’) and
|I N C;| = rank(C?}), and hence span(I N C;) = C;, for every C; € C’, it follows from Lemma 2.2 that
I is a popular common base.

We now show the converse. Suppose that there exists a popular common base B in the intersection
of Mpart and M such that BN Ey = 0. Let D = {Dy, ..., Dy} be a dual certificate for B. Then we
have B C E(D) \ Ey. It suffices to show that Algorithm 2 maintains the following invariant: the
multichain C = {Cy,...,C,} maintained in the algorithm satisfies p < q and D; C C; for any
i=12,...,p.

We can show a variant of Lemma 3.3, i.e., we can show that when Cy is updated in the algorithm,
Dy € span(I N Cx) holds where I is a lexicographically maximal common independent set in
E(C) \ Eo. The proof of Lemma 3.3 works almost as it is. Recall that we sequentially find elements
fi,e1, fo, ez, ... inthe proof of Lemma 3.3. Foreach j = 1,2, ..., in addition to the condition f; € E(C),
we have f; ¢ E since fj € BC E\ Eg. By this, [; = (INCy) + fi —e1 + fo- - — ej_1 + fj satisfies
I; C E(C) \ E, for each j. Hence the proof of Lemma 3.3 works with replacing “lex-maximality
subject to I € E(C)” by “lex-maximality subject to I € E(C) \ Ey”. O

6 MIN-COST POPULAR ARBORESCENCE

We prove Theorem 1.9 in this section. We present a reduction from the VERTEX COVER problem,
whose input is an undirected graph H and an integer k, and asks whether H admits a set of k
vertices that is a vertex cover, that is, contains an endpoint from each edge in H.

Our reduction is strongly based on the reduction used in [22, Theorem 6.3] which showed
the NP-hardness of the min-cost popular branching problem when vertices have partial order
preferences. Recall that the min-cost popular branching problem is polynomial-time solvable when
vertices have weak rankings [22] (also implied by Theorem 1.7). Note also that neither the hardness
of min-cost popular branching for partial order preferences [22], nor the hardness of min-cost
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< first rank
<«— second rank
< --- third rank

Fig. 1. lllustration of the reduction in the proof of Theorem 1.9. Figure (a) illustrates the construction showing
a subgraph of G, assuming that the input graph H contains an edge e = uv. Edges in Eq, E, and E3 are
depicted with double red, single blue, and dashed green lines, respectively. Edges marked with two, one, and
zero crossbars have cost oo, 1, and 0, respectively. Figure (b) illustrates the popular arborescence A in bold,
assuming v € Sand u ¢ S. The chain C; ¢ C2 € C3 = E certifying the popularity of A is shown using grey
and dotted ellipses for edges in C1 and Ca, respectively.

popular assignment for strict preferences [21] implies Theorem 1.9, since the min-cost popular
arborescence problem with strict rankings does not contain either of these problems.

To show the NP-hardness of the min-cost popular arborescence problem when vertices have
strict rankings, we construct a directed graph G = (V U {r},E = E; U E; U E3) as follows; see
Figure 1 for an illustration. We set

V={w}U{vg,0;:0€ V(H)} U{ey,e,:e=uv € E(H)},
Ey = {(eu €v), (€0, €u), (eu, W), (€5, W) 1 € = uv € E(H)}
U {(vg, v1), (v1,09) : v € V(H)},
E,={(r,w)} U{(w,x) : x € V(G) \ {r,w}},
Es={(r,u1) :0 € V(H)} U {(ug, ey), (vo, €y) : e =uv € E(H)}.

To define the preferences of each vertex in G, we let all vertices prefer edges of E; to edges of Es,
which in turn are preferred to edges of Es. Whenever some vertex has more than one incoming
edge in some E;, i € {1, 2,3}, then it orders them in some arbitrarily fixed strict order. We set the
cost of each edge in E3, as well as the cost of all edges entering w except for (r, w) as co. We set the
cost of (w,v1) as 1 for each v € V(H), and we set the cost of all remaining edges as 0. We define
our budget to be k, finishing the construction of our instance of min-cost popular arborescence.

We are going to show that H admits a vertex cover of size at most k if and only if G has a popular
arborescence of cost at most k.

Suppose first that A is a popular arborescence in G with cost at most k. We prove that the set
S={veV(H): (w,v) € A} is a vertex cover in H. Since each edge (w,v;) has cost 1, our budget
implies |S| < k.

For a vertex v € V(H) and an edge e = uo € E(H),let A, = AN (§(vg) U §(v1)) and A, = AN
(6(ey) Ud(ey)), respectively. We note that each v € V(H) satisfies that A, is either {(w, v), (v9,v1)}
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or {(w,v1), (v1,00)}. Indeed, if this is not the case, we have A, = {(w, 1), (w,v1)}, since A is an
arborescence with finite cost. However, this contradicts the popularity of A, since A \ {(w,v1)} U
{(vo,v1)} is more popular than A. We can similarly show that each e = uv € E(H) satisfies that
A, is either {(w, ey), (ey, €5)} or {(w, ey), (s, €4)}. Note also that (r,w) € A, as all other edges
entering w have infinite cost.

Assume for the sake of contradiction that S is not a vertex cover of H, i.e., there exists an
edge e = uv € E(H) such that neither (w, u;) nor (w,v;) is contained in A. Then we have A, =
{(w, ug), (uo, u1)} and A, = (w, vg), (vy, v1) }. By symmetry, we assume without loss of generality
that A, = {(w, e,), (ey, €y) }. Define an edge set A’ by

A, = (A \ (Ae U AU U {(r’ W)})) U {(r» Z)l)s (01,00), (UOa eZJ)> (ev, eu)’ (eu, W)}

We can see that A’ is an arborescence and is more popular than A, since three vertices, v, e,, and w,
prefer A’ to A, while two vertices, v; and e,, prefer A to A’, and all others are indifferent between
them. This proves that S is a vertex cover of H.

For the other direction, assume that S is a vertex cover in H. We construct a popular arbores-
cence A of cost |S| in G. For each e € E(H) we fix an endpoint o(e) of e that is contained in S, and
we denote by G(e) the other endpoint of e (which may or may not be in S). Let

A= {(r’ W)} ) {(W’ Ul)’ (Ulsvo) HEAS S}
U {(W’ UO)’ (UOs Ul) 10 € V(H) \S}

U {(w, e5(e)), (e5(e)s €s(e)) : € € E(H)}.

It is straightforward to verify that A is an arborescence and its cost is exactly |S|. Hence it remains
to prove its popularity, which is done by showing a dual certificate C for A.

To define C, let us first define a set X = {w} U {e,, e, : e = uv € E(H)} U {vg,0; : v € S} of
vertices in G. Then we set C = {Cy, Cy, C3} where

c1 :{(eusel))$ (evs eu) le=uv € E(H)} U {(UO’ Ul)’ (UlsUO) HRS 5}9
C; ={f € E(H) : f has two endpoints in X} U {(vg, v1), (v1,00) : v € V(H) \ S},
C3 =E.

Let us first check that rank(C;) = |A N ;| for each C; € C. Clearly, C; consists of mutually vertex-
disjoint 2-cycles, and A contains an edge from each of them. Thus rank(C;) = |A N Cy| follows. The
edge set C; consists of all edges induced by the vertices of X, together with another set of mutually
vertex-disjoint 2-cycles that share no vertex with X. It is easy to verify that A N C, contains an
edge from each of the 2-cycles in question, as well as a directed tree containing all vertices of X.
Thus, rank(C;) = |A N C;| holds. Since A is an arborescence, rank(C3) = rank(E) = |V| = |A N G3]
is obvious. Observe that for each i € {1, 2,3} we have span(C;) = C;, and hence rank(C;) = [ANC;|
implies span(A N C;) = C;.

It remains to see that A € E(C). First, A(w) = (r,w) is the unique incoming edge of w with
C-level 3. For each v € S, lev; (v9) = 2 while lev(,(v1) = 3, and by their preferences both A(vg) =
(v1,00) and A(v1) = (w,0;) are in E(C). For each v € V(H) \ S, lev, (v0) = levi;(v1) = 3, and hence
both A(vy) = (w,vp) and A(v;) = (vg,v1) are in E(C). Finally, consider an edge e = uov € E(H)
with o(e) =v € S. As levj;(e,) < 3, and since e, prefers (w, e,) to (uo, €,), we know that the edge
A(ey) = (w,e,) € C; is contained in E(C). By contrast, since v € S implies vy € X, we obtain
levi,(e,) = 2, and therefore the edge A(e,) = (eu, e,) € Cy is contained in E(C). By Lemma 2.2, this
proves that A is indeed a popular arborescence.
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Fig. 2. lllustration of a gadget G, in the proof of Theorem 1.10. Preferences are encoded using line types and
colors as in Figure 1.

7 MINIMUM UNPOPULARITY MARGIN ARBORESCENCE

We prove Theorem 1.10 in this section. It is easy to see that the problem is in NP, since given an
arborescence A we can verify p(A) < k efficiently, assuming that a dual certificate for A (i.e., a
solution for LP2 with objective value k) is provided.

To prove NP-hardness, we present a reduction from the following NP-hard variant of the Exact
3-CovER problem [17]. The input contains a set U of size 3n and a set family S = {Sy,...,Ss5,}
where S; C U and |S;| = 3 for each S; € S, and each u € U is contained in exactly three sets from S.
The task is to decide whether there exist n sets in S whose union is U.

Our reduction draws inspiration from the reduction used in [22, Theorem 4.6] which proved the
NP-hardness of the k-unpopularity margin branching problem when vertices have partial order
preferences. Recall that this problem was shown to be polynomial-time solvable when vertices
have weak rankings [22]. Note also that Theorem 1.10 does not follow from the NP-hardness of
either the k-unpopularity margin branching problem [22] or the k-unpopularity margin assignment
problem [21].

To show the NP-hardness of the k-unpopularity margin arborescence problem when vertices
have strict rankings, we construct a directed graph G = (V U {r},E = E; U E; U E3) as follows;
see Figure 2 for an illustration. For each u € U we construct a gadget G, whose vertex set is
{ug, u1} U Ay, U By, where A, = {au1, auz2, ays} and By, = {by 1, by 2, by 3}. First we add four 2-cycles,
with all their edges in E;, on vertex sets {ay,;, by,; } foreach i = 1, 2, 3, as well as on {uo, u; }; these 8|U|
edges comprise E;. We next add edges of E,: first, we stitch together the three 2-cycles on A, U B,
with edges (ay3, by2), (a2, by1), and (ay 1, by 3); second, we add all possible edges between {u, u; }
and A,, creating a bidirected K5 3. We denote the unique 6-cycle on A, U B, as C,. This finishes the
construction of our gadget G,,. To complete the definition of G, it remains to define Es. To this end,
for each u € U we fix an arbitrary ordering over the three sets of S containing u, and denote them
as S(u, 1), S(u, 2), and S(u, 3). We then let

Es ={(r,u), (r,u1) :u € U} U {(by, by ;) : S € S such that S = S(u,i) = S(v, j)}.

To define the preferences of each vertex in G, we let all vertices prefer edges of E; to those in E,

which in turn are preferred to edges of Es. Whenever some vertex has more than one incoming

edge in some E;, i € {1, 2,3}, then it orders them in some fixed strict order with the only constraint
that edges from u are preferred to edges from u; for each u € U.

We are going to show that our instance of EXAcT 3-COVER is solvable if and only if G admits an
arborescence with p(A) < 2n.
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4 oA 4
AU AR LT el T
................. . b ) e
au,l bu 1; ’,/ ay 2 u’zyl /z au,3 u,3¢IL’/
-3 -2 -2 -3 -3 -2 Cy

Fig. 3. Illustration of the arborescence A in the proof of Theorem 1.10, shown in bold, together with a feasible
dual solution (4, @) certifying u(A) < 2n. The figure assumes o(u) = 2. The chain C; € C; € C3 = E is shown
using grey and dotted ellipses for edges in C; and Cy, respectively, while the values ay, v € V, are written
within the corresponding vertices.

First, assume that there exists some 7~ C S of size n that covers each u € U exactly once. Let
o(u) denote the index in {1, 2,3} for which S(u, c(u)) € 7. We then let

A= U {(r, uO): (uo, ul)s (u0> au,a(u)); (au,a(u)a bu,a(u))} U (Cu \ {e € C, : e is incident to bu,a(u) })
uelU

Note that A is an arborescence in G. To prove that the unpopularity margin of A is at most 2n, we
will use the fact that, by definition, u(A) = maxa ¢(A’, A) — ¢(A, A’) is the optimal value of LP1.
Therefore, to show that p(A) < 2n it suffices to give a dual feasible solution with objective value 2n.
To this end, we define a chain C = {C;, C2,C3} with C; ¢ C; ¢ Cs = E by setting

Cl {(au,is bu,i)s (bu,i> au,i) ‘u € U,i € {1> 2, 3}},
C, = {e € E : e has both endpoints in V(G,) U V(G,) U V(G;)}.
{uo0,z}eT

Note that rank(C;) = 3|U|, rank(C;) = (3 - 8 — 1)n = 7|U| + 2n, and rank(Cs3) = 8|U|.
To define a feasible solution (¥, @) for LP2, for each S C Ewe letys = 1if S € C,and ys = 0
otherwise; we also set

] -3 if i # o(u), _—
%ai =) —2 ifi=o(u), Gup = =5

] -2 if i # o(u), _
abu,,« - { -3 ifi = cr(u), Qu, = -2,

for each u € U. See Figure 3 for an illustration. The objective value of (4, @) is

Z rank(C;) + Z @ = 3|U| +7|U| + 2n + 8|U| — 18|U| = 2n.
C;eC veV

Therefore, to prove that A has unpopularity margin at most 2n, it suffices to show that (7, &) is a
feasible solution for LP2, as stated by Claim 7.1 below.

Cramm 7.1. (¥, @) is a feasible solution for LP2.

CrLAIm PROOF. We need to verify that

H{CeC:eeC}+a, = wts(e) (4)
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holds for each edge e entering some vertex v. First assume e € Cy, in which case e is contained
in three sets of C. If e € C; N A, then wta(e) = 0 and a, = —3 ensures (4). If e € C; \ A, then
wta(e) = 1 but a, = —2, so (4) is again satisfied.

Second, assume e € C, \ Cy, in which case e is contained in two sets from C. If e € C; N A, then
a, = —2, which implies (4). If e € C; \ A, then we distinguish between two cases: if v = u, for some
u € U, then wty(e) = 1 and @, = —1; otherwise wty(e) = —1 and @, > —3 (note that here we used
that all vertices a,,; prefer (uo, a, ;) to (u1, a,;)). Hence, e again satisfies (4).

Third, assume e € C; \ C,, in which case e is contained in one set from C. Let G, be the gadget
entered by e. If e = (r,uy) € A, then wta(e) = 0 and a, = a,,, = —1, and thus (4) holds. Otherwise
wta(e) = —1. Let T be the set in 7~ containing u. Note that either v = u; or v = b, ; for some
Jj # o(u), because all edges entering b, (., are contained in C,, since they each originate in some
gadget G, with z € T. Therefore, we have a, = —2 in both cases, which implies (4) for e. <

For the other direction, assume that G admits an arborescence A with p(A) < 2n. Let B be an
arborescence that yields an optimal solution for LP1, maximizing ¢(B, A) — ¢(A, B) < 2n. First
note that we can assume that A is Pareto-optimal in the sense that there is no arborescence that is
weakly preferred by all vertices to A, and strictly preferred by at least one vertex to A. Similarly,
we can choose B to be Pareto-optimal as well. Consequently, for any two edges e, e’ € E; forming a
2-cycle, both A and B uses at least one of e and ¢’.

For some X C V and two arborescences A" and A”, let ¢x (A", A”") denote the number of vertices
in X that prefer A’ to A”’. We say that a gadget G, is clean, if ¢y (g,)(B,A) — ¢v(G,) (A B) < 0. Let
U* = {u: G, is clean}.

CrLamm 7.2. If G, is clean, then a unique edge of A enters G, and it comes fromr.

CLAIM PROOF. Assume for the sake of contradiction that the claim does not hold for some u € U™;
this means that A must reach G, through an edge e € E3 pointing to some vertex of B,; let b,, ;
denote this vertex. Let uy, be the vertex where B enters {ug, u; }; then (up, u1_) € B. Define B’ as
follows:

B =B\ {6(x) : x € V(G,)}
UA{(r, u1-n), (u1-p, un), (uo, au,j+1)’ (au,j+1= bu,j+1)}
U (Cy \ 6(ay,j+1) \ 0(bu js1))

where indices are taken modulo 3 (so ay 4 = a,,; and by 4 = b, 7).

Observe that B is an arborescence. If (o, ay j+1) € A, then (b, j11, ay j+1) € A, and thus vertices
up, by, j, and b, j.q1 all prefer B’ to A, while vertices u;_ and a,, j+1 prefer A to B'. If (ug, ay, j+1) € A,
then vertices uy and b, ; prefer B’ to A, vertex u;_p prefers A to B’, while a, j41 and b, j,; are
indifferent between them; note (ay, j+1, by j+1) € AN B’. Furthermore, if b, j_; prefers A to B’, then
(@u,j-1,bu,j—1) € A, and therefore a, j_; prefers B’ to A. Summing up all these facts, we obtain
v (c,) (B, A) = dv(G,) (A, B’) = 1 which in turn implies ¢(B’, A) — ¢(A, B’) > $(B,A) — ¢(A,B),a
contradiction to our choice of B. <

By Claim 7.2, for each u € U™ there exists a vertex @ € {ug, u; } for which (r,4) € A. We can also
assume w.l.o.g. that A and B coincide on G, since otherwise we can replace B with the arborescence
B* = B\ {6(x) : x € V(Gy),u € U*} U {A(x) : x € V(Gy),u € U*}, since B* is also optimal
for LP2. As a consequence, we know that G, is clean if and only if ¢v (,) (B, A) — ¢v(c,) (A, B) = 0.

By p(A) = ¢(B,A) — $(A,B) = Ycu $v(G.) (B, A) — ¢v(G,) (A B) < 2n, we know that there
are at least |U| — 2n = n clean gadgets. Furthermore, we get that for each u € U* there exists
some i € {1, 2,3} for which A(a,;) comes from {uo, u1}; let o(u) denote this index.
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Cram 7.3. Ifu € U*, then the tail of each edge f € 5(by s (u)) N Es is a descendant of ii in B.

Craim PROOF. Define By as follows:
Br =B\ {3(x) : x € V(Cy) or x = i} U {f, (auo(u), )} U (Cu \ §(buow)))-

Observe that there is an edge from # to the other vertex of {ug, u;} shared by A and By.

Suppose that By is an arborescence. Note that vertices & and a, s(,) prefer Br to A, while
vertex by, () prefers A to By (because (ay,5(u), bu,o(u)) € A). Furthermore, if some by ;, i # o(u),
prefers A to By, then a,,; prefers By to A. Hence, ¢y (G,) (Bf, A) = ¢v(G,) (A, Bf) = 1, which implies
also ¢(By, A) — ¢(A, By) > ¢(B, A) — ¢(A, B), contradicting our choice of B. Hence, By cannot be
an arborescence, which can only happen if the tail of f is a descendant of # in B. <

We claim that 7 = {S(u, 0(u)) : u € U*} is a solution to our instance of EXACT 3-CoVER. First
observe that 7 contains at least n sets by [U*| > n. It remains to show that the sets in 7~ are
pairwise disjoint. We say that G, is assigned to u € U*, if v € S(u, o(u)). It suffices to show that no
gadget G, can be assigned to more than one vertices in U*.

Assume for the sake of contradiction that G, is assigned to both u and w for two distinct vertices
u,w € U*. Then by Claim 7.3 there are two vertices in B,, one of them a descendant of %, the
other a descendant of w. Note that neither @ nor w is a descendant of the other, since both (r, %)
and (r, w) are edges in A, and hence, in B (recall that A and B coincide on G, and on G,,). This
means that there are two distinct edges entering B, one from a descendant of i, the other from
a descendant of w. Thus for some j € {1,2,3}, the edges B(b, ;) and B(b, 1) are both in Es,
implying also (b, j, ay ;) € Band (b, i1, ay j+1) € B, where indices are taken modulo 3 (so ay 4 = ay1
and b, 4 = b, ;). However, this contradicts the Pareto-optimality of B, since replacing B(b,, ;) with
(@o,j+1, by j) in B results in an arborescence that b, ; prefers to B, with all other vertices being
indifferent between the two.

This shows that any two sets in 7~ are disjoint, proving the correctness of our reduction.

8 EXTENSIONS AND RELATED RESULTS

Popularity under size constraints. As mentioned in the introduction, the popular largest common
independent set problem can be reduced to the popular common base problem. More generally,
we can reduce the popular size [£,u] common independent set problem to the popular common
base problem, where the goal of the former problem is to find a common independent set that is
popular within the set of all common independent sets whose size is at least ¢ and at most u (if
such a solution exists).

We now describe the reduction. Suppose that we are given a partition matroid M, on E =
(*Jyev Ev, where each v € V has a partial order >, over E,, and an arbitrary matroid M = (E, 7).
We define a new instance as follows. For each v € V, we create a new element e, and extend the
domain of >, to E, U {e,}, where e, is the unique worst element. The new partition is defined as
E" = Jpev (Ey U {e,}). We define a new matroid M’ = (E’, I’) by

I'={XCE:XNEel, | XNEl<u |XN{e:0eV}<|V|-¢|X|l<I|V|}

Note that we can assume that the rank of M (i.e., the size of a base in M) is at least £ since otherwise
the given instance clearly has no solution. Therefore, the rank of M’ is |V|.

There exists a one-to-one correspondence between common independent sets of sizes in [#, u] in
the original instance and common bases of the new instance. Suppose I is a common independent
set with ¢ < |I| < u in the original instance. Let B be obtained from I by adding e, for any v € V
with I N E, = 0. Then B is a common base in the new instance. Conversely, given a common
base of the new instance, we can obtain a common independent set satisfying the size constraint
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by projecting out the dummy elements. Furthermore, ¢(I,I’) = ¢(B, B") holds for any common
independent sets I and I’ of the original instance and their corresponding bases B and B’. Thus, the
reduction is completed.

The reduction used in Section 4 (to reduce the popular common independent set problem to the
popular common base problem) is a special case of this reduction where u = |V| and ¢ = 0.

Popularity under category-wise size constraints. We can also use our popular common base
algorithm (Algorithm 1) to solve the problem of finding a common independent set that is popular
under a kind of diversity constraints. Such constraints have also been considered in [21] in the
context of popular assignments.

Similarly to the above, suppose that a partition matroid on E = |+J ¢y E, with preferences (>,)yev
and an arbitrary matroid M = (E, I') are given. We regard V as the set of agents. Suppose that
the set V is partitioned into q categories P; U - - - U P, and each category Py is associated with
integers ¢ and uy where < ur. We call a common independent set X C E admissible if, for each
k=1,...,q,wehave f < |{v e Py : E,NX # 0}| < u. That is, a set X is admissible if, among
the agents in each category Py, at least £ and at most u; agents are assigned an element.

The problem of finding a common independent set that is popular within the set of admissible
common independent sets can be reduced to the popular common base problem as follows. Similarly
to the case of size constraints above, for each v € V, we introduce a dummy element e, that is
worst in v’s preference. Moreover, for each category Py, we create a set Dy of dummy agents with
|Di| = ug — €. With each dummy agent d € Dy we associate a set {fy, g4} of two new elements,
and these are tied in the preferences of d, that is, f; #, g4 and g4 #4 fi. Thus, the new ground set
is E* = Upey (Eo U {e,}) U Udep,u---up, {fa> ga}, and its partition classes are the sets E, U {e,} for
v € V and the sets {f3,94} ford € Dy and k € {1,...,q}.

We define a matroid on E*. First, fork =1,...,q,let Fx := {e,: 0 € P, } U{ f; : d € Dy } and let
(Fk, Z.) be a uniform matroid defined by 7 = { X C Fi : |X| < |Px| — & }-

Next, let E' = EU{gq:d € D;U---U Dy} and define a matroid (E’, ") as the truncation of
the direct sum of M and the free matroid on { g4 : d € D; U --- U Dy }, that is,

I'={XCFE:XnEel [X|<Z] wu}.
Let (E*, I*) be the direct sum of all these matroids, i.e., 7 * is defined as
I"={XCE:XNEel |XNE|< X up IXNF| <|Pe| - fork=1,...,q}.

We can assume that the size of a base in (E, I') is at least 22:1 £, since otherwise the instance
clearly has no admissible set. As we have | {gg:d € D;U---UDg}|= ZZ=1(“/< — {), the size of
a base in the matroid (E’, I’) is exactly Zqzl ug. Also, the size of a base in each (Fy, Iy.) is |Px| — &
(since |Fx| = |Px| + ux — £). Thus, the size of a base of the matroid (E*, I*) is ZZ=1(|P1<| +ug — &),
which equals the number of agents in the new instance.

We now explain how to transform admissible common independent sets of the original instance to
common bases of the new instance, and vise versa. Let I be an admissible common independent set
of the original instance. For each k = 1, ..., g, let Wi C P be the set of agents v in P with INE, = 0.
Since I is admissible, |Px| — ux < |[Wi| < |Px| — €. Set B = I and augment B by adding elements in
the following manner. For each agent v in Wy, add the corresponding element e, to B. Note that
|Px| — & — |Wk| is at least 0 and at most uy — £. Take |Pi| — & — |Wi| agents d from Dy arbitrarily and
add the corresponding f; elements to B. For the remaining |Dy| — (|Px| — € — |Wk|) = ug — | Pr| + | W]
agents d in Dy, we add the corresponding g, elements to B. Thus, all agents are assigned elements.
Furthermore, we see that the set B satisfies BNE € I, |BNE’| = |I|+ZZ:1(uk— |Pe|+| W) = 22:1 Uy
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(note that ZZZI(|PI<| —|Wk]) = |I]), and |BN Fy| = |Px| — ¢ foreach k = 1,..., q. Thus, B is a common
base in the new instance.

Conversely, let B be a common base of the new instance and I be obtained by deleting all dummy
elements in B. Clearly I is a common independent set of the original instance. As B is a base
in I'*, we have |BN F| = |Px| — & foreach k = 1,...,q. Since Fr = {e, :v € Py } U {fy:d € Dy },
this implies [BN {ey,:0 € P }| < |Px| — &. As |{fy:d € Dy }| = ux — &, it also follows that
IBN{ey:v € Pr}| > |Pr|—ug. Thus, we have |Pr| —up < |[BN{ey:0v € P} < |Px|— &, which is
equivalentto £ < |{v € Py : BNE, # 0} | < ug. Thus, I is admissible in the original instance.

We can also observe that ¢(I,I’) = ¢(B,B’) holds for any admissible common independent
sets I and I’ of the original instance and their corresponding bases B and B’ in the new instance.
Therefore, a popular admissible common independent set in the original instance corresponds to a
popular common base of the new instance.

Popular fractional solutions. The notion of popularity can be extended to fractional solutions,
or equivalently, probability distributions over integral solutions. A fractional/mixed solution x is
popular if there is no fractional (in fact, integral) solution more popular than x.

It was shown in [25] using the minimax theorem that popular mixed matchings always exist and
such a fractional/mixed matching can be computed in polynomial time. The same proof shows that
a popular fractional (largest) common independent set always exists and such a fractional solution
can be computed in polynomial time by optimizing over the matroid intersection polytope.

An integral solution I is strongly popular if ¢(I,1') > ¢(I’,I) for all solutions I’ # I. As observed
in [3] in the context of the roommates problem, if a strongly popular solution exists, then it has to
be a unique popular fractional solution. Thus there is a polynomial-time algorithm for the strongly
popular (largest) common independent set problem.

9 CONCLUSIONS

We considered the popular common base problem, which asks to determine the existence of a
popular common base in the intersection of a partition matroid and an arbitrary matroid, where
a partial order preference is associated with each partition class of the partition matroid. We
provided the first polynomial-time algorithm to solve this problem. This problem includes the
popular arborescence problem as a special case, and hence our result affirmatively answers an
open problem posed in [26]. Furthermore, we observed that the popular common independent set
problem can be reduced to the popular common base problem, and hence can be solved by our
algorithm. Utilizing structural observations, we also proved that the min-cost popular common
independent set problem is tractable if preferences are weak rankings.

On the intractability side, we proved that the min-cost popular arborescence problem and the
k-unpopularity margin arborescence problem are both NP-hard even for strict preferences. Note
that the min-cost problem is NP-hard for popular common bases (a fact implied by the NP-hardness
of the popular assignment problem shown in [21], as well as by Theorem 1.9), while it is tractable
for popular common independent sets if preferences are weak rankings by Theorem 1.7. By analogy,
one may expect the problem of finding a common independent set with unpopularity margin
at most k to be polynomial-time solvable. However, this is not the case (unless P = NP), since
the k-unpopularity matching problem is NP-hard even for strict rankings [28]. Note that the k-
unpopularity margin branching problem is polynomial-time solvable when preferences are weak
rankings, as shown in [22], but this does not contradict the above fact: branchings and matchings
are both special cases of common independent sets (where one matroid is a partition matroid),
but neither of them includes the other. An interesting open question is the following: what is the
complexity of finding an arborescence with unpopularity margin at most k, if k is a constant?
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Appendix A EXAMPLES OF ALGORITHM EXECUTION

We illustrate how Algorithm 1 works using some examples. We provide three instances of the
popular arborescence problem. In all of these instances, a digraph is given as G = (V U {r}, E) with
V ={a,b,c,d}, and each node v € V has a strict preference on the set §(v) of its incoming edges.
For better readability, for a multichain C = {Cy, ..., CP} with C; € --- € C, we will also use the
notation (Cy, ..., Cp).

A.1 Example 1.

This instance is similar to the one illustrated in Section 1; the only difference is that now the
edge (r,d) is deleted. In contrast to the case where (r, d) exists, this instance admits a popular
arborescence, which is found by Algorithm 1 as follows.

- ‘,'/.\’: <= first rank
The preference orders for the four vertices are as follows: - o \, <— second rank
(b,a) >4 (¢,a) >4 (r,0) ‘<~ third rank
(@.b) >4 (d.b) > (r.b) {ag % b
(d,¢) >¢ (a,¢) > (r,¢) :’
(¢,d) >4 (b,d).
s d

For convenience, we denote by Ei, E,, and E; the sets of the first, second and third choice
edges, respectively. That is, E; = {(b, a), (a,b), (d,c), (c,d)}, E» = {(c, a), (d,)), (a,¢c), (b,d)}, and
E3 = {(raa)a (r>b)> (r,C)}.

Algorithm Execution. Below we describe the steps in our algorithm.

(1) p=1and C; = E. Then E(C) = E; and I = {(a,b), (¢,d)} is a lex-maximal branching in
E(C). Since |I N Cy| = 2 < 4 = rank(C,), the set C; is updated to span(I N Cy) = E;. Since
Ci = C, is updated, p is incremented and E is added to C as C;.

(2) p = 2and (C;,Cy) = (E1,E). Then E(C) = Ey UE; and I = {(a,b), (¢,d), (a,c)} is a lex-
maximal branching in E(C). Since |[I N C;| = 2 = rank(Cy) and |[I N Cz| = 3 < 4 = rank(Cy),
the set C; is updated to span(I N C;) = E; U E,. Since C; = C,, is updated, p is incremented
and E is added to C as Cs.

(3) p = 3 and <C1,C2, C3> = (E], El U Ez, E> Then E(C) = {(C,d)} U Eg U E3 and I =
{(c,d), (¢,a),(d,b), (r,c)} is a lex-maximal branching in E(C). Since [N Cy| =1 < 2 =
rank(C,), the set C; is updated to span(I N C;) = {(c,d), (d, ¢)}.

-

(4) p =3 and (C1,Cy,C3) = {{(c,d), (d,c)}, E; U Ey, E). Then /. '." \\\
E(C) = {(r’ a)’ (b’ a)’ (r5 b)’ (a’ b)’ (r’ C)’ (a’ C)’ (C’ d)’ (b’ d)} /// % \V
(all edges on the figure to the right) and we have I = ;@ b
{(r,a), (a,b), (a,c), (c,d)} (thick edges on the figure to the l
right) is a lex-maximal branching in E(C). Since |I N C;| = \\\
rank(C;) holds for i = 1,2, 3, the algorithm returns I. Fs d

Note that I’ = {(r, ), (b, a), (a,¢), (c,d)} is also a possible output of the algorithm. Indeed, both I
and I’ are popular arborescences.
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A.2 Example 2.

We next demonstrate how the algorithm works for an instance that admits no popular arborescences.

r
PRISKa el N <= first rank
<— second rank
< -~ third rank

Consider the instance illustrated in the intro-
duction. For the reader’s convenience, we include
the same figure again. As observed there, this in-
stance has no popular arborescence.

We denote by Ej, E;, and E5 the sets of the first,
second and third rank edges, respectively. Note
that, unlike in Example 1, here E5 contains (r, d).

Algorithm Execution.

(1) The first step is the same as Step 1 in Example 1. That is, p = 1, C; = E, E(C) = E;, and
I = {(a,b),(c,d)} is found as a lex-maximal branching in E(C). Then, C; is updated to
span(I N Cy) = Eq, p is incremented, and E is added to C as C,.

(2) The second step is also the same as Step 2 in Example 1. That is, p = 2, (Cy, C;) = (E1, E),
E(C) =E; UEs,and I = {(a,b), (¢,d), (a,c)} is found as a lex-maximal branching in E(C).
Then, C; is updated to span(I N C;) = E; U Ey, p is incremented, and E is added to C as Cs.

(3) p = 3 and (C1,Cy,C3) = (E1,E; U Ey, E). Then E(C) = E; U E3 (compared to Example 1,
here (r,d) is included while (¢, d) is excluded) and I = {(a,c), (b,d), (r,a), (r,b)} is a lex-
maximal branching in E(C). Since |[I N C;| = 0 < 2 = rank(C}), the set C; is updated to
span(I N Cy) = 0.

(4) p=3and(Cy,Cy,C3) = (0, E;UEy, E). Then E(C) = E;UEs andI = {(a,b), (¢, d), (r,a), (r,c)}
is a lex-maximal branching in E(C). Since |INC;| = rank(C;) and [INC,| = 2 < 3 = rank(Cy),
the set C, is updated to span(I N C,) = E;.

(5) p =3 and (Cy,Cy,C3) = (0,E1,E). Then E(C) = Ey UE; and I = {(a,b), (¢,d), (a,c)} isa
lex-maximal branching in E(C). (Observe that these E(C) and I are the same as Step 2.)
Since |I N C;| = rank(C;) for i = 1,2 and |I N C3| = 3 < 4 = rank(C3), the set C; is updated
to span(I N C3) = E; U E,, p is incremented, and E is added to C as Cy.

(6) p = 4 and (Cy,Cy,C3,C4) = (0,E1, E; U Es, E). Then, as in Step 3, E(C) = E; U E; and
I ={(a,c),(b,d),(r,a),(r,b)} is a lex-maximal branching in E(C). Since |INC;| = rank(Cy)
and |I N C;| = 0 < 2 = rank(Cy), the set C; is updated to span(I N Cz) = 0.

(7) p=4and{Cy,Cy,C3,Cq) = (0,0, E; U Ey, E). By the same argument as in Step 4, the set C3
is updated to E;.

(8) p =4 and (Cy,Cy,C3,Cy) = (0,0, Eq, E). By the same argument as in Step 5, the set Cy is
updated to E; U Ey, p is incremented, and E is added to C as Cs.

(9) p=5and (Cy,Cz,C3,Cy, C5) = (0,0, E1, E; UE5, E). Since p =5 > 4 = n = |V, the algorithm
halts with returning “G has no popular arborescence”

The reader might observe that whenever C; becomes empty in the algorithm, then by Lemma 3.3
we can conclude that the instance admits no popular arborescence, since the dual certificate contains
only non-empty sets (Lemma 2.2) and hence D; € C; = 0 is not possible. Therefore, we could in fact
stop the algorithm already in Step 3 when C; gets updated to 0. Nevertheless, the algorithm will
reach a correct answer even without using this observation, as illustrated by the above example.
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A.3 Example 3.

We next provide an example that shows the importance of considering multichains. During the
algorithm’s execution on this instance, C does become a multichain that is not a chain.

The preferences of the four vertices are as follows:

r a b c d
() >a (1. M L —

(¢,b) > (a,b)
(d,c) >c (b,c) < first rank

(c,d) <«— second rank

where (c, d) is the unique incoming edge of d. For convenience, we denote by Egpcd, Epca, and Eqy
the edge sets of the induced subgraphs for the vertex sets {a, b, ¢, d}, {b, ¢, d}, and {c, d}, respectively.
That is, Egpeq = E\ {(r,a)}, Epca = {(b,¢), (¢,b), (c,d), (d,c)}, and E.q = {(c,d), (d,c)}. Note that
{(r,a), (a,b), (b,c), (c,d)} is the unique arborescence in this instance, and hence it is a popular
arborescence.

Algorithm Execution.

(1) p=1and C; = E. Then E(C) = {(b, ), (c,),(d,c), (c.d)} and I = {(b,a), (c,b), (c.d)} isa
lex-maximal branching in E(C). Since |I N C;| = 3 < 4 = rank(C;), the set C; is updated to
span(I N Cy) = Egpeq. Since C; = C,, is updated, p is incremented and E is added to C as C,.

(2) p =2and (Cy,C;) = (Egpea, E) (shown by braces on the
right). Then E(C) = {(r, a), (b, a), (¢,]), (d,c), (¢,d)} (al T a b ¢ d
edges on the right) and I = {(b,a), (c.b), (c.d)} (thick * A AL
edges on the right) is a lex-maximal branching in E(C).
Since |INCy| = rank(Cy) and [INCy| = 3 < 4 = rank(Cy), Gi
C; is updated to span(I N Cy) = Egpeq. Since C; = Cp is C,
updated, p is incremented and E is added to C as Cs.

(3) p =3 and <C19C2> C3> = <Eabcda Eahcd> E> (SO Cl = CZ)

Then E(C) = {(r,a), (¢,b), (d,c), (c,d)}. Note that (b,a) e=m=pe
is not in E(C) as levg((b,a)) = 1 while leve((r,a)) = 3. w

I = {(r,a),(c,b),(c,d)} is a lex-maximal branching in C; =G,
E(C). Since [I N Cy| = 2 < 3 = rank(()), the set C; is
updated to span(I N C;) = Epeq. G

(4) p = 3 and (C1,Cs, C3) = (Epeds Eapeas E). Then, E(C) = a b ¢ d

E\{(b,c)} and I = {(b, a), (¢, b), (¢,d)} is a lex-maximal m

branching in E(C). Since |I N C;| = rank(C;) fori = 1,2 T
and |I N C3] = 3 < 4 = rank(Cs), the set C3 is updated !
to span(I N C3) = Egpeq. Since C3 = C, is updated, p is C

incremented and E is added to C as Cy. Cs
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(5) p = 4 and (Cy,Cy, C3,Cy) = (Epcd> Eavcd> Eapea, E). Then
E(C) =E\{(b,a),(b,c)} and I = {(r,a),(c,b),(c,d)}isa
lex-maximal branching in E(C). Since |I N Cy| = rank(Cy)
and |I N C;| = 2 < 3 = rank(Cy,), the set C; is updated to
span(I N Cy) = Epeq.

(6) p=4 and (Cy, Cy, C3,Cs) = (Epcd> Epbcas Eapea, E). Then
E(C) =E\{(b,¢),(c,b)}and I = {(r,a), (a, D), (c,d)}isa
lex-maximal branching in E(C). Since [INCy|=1< 2=
rank(Cy), the set C; is updated to span(I N Cy) = E4.

(7) p = 4 and (C1,Cy,C3,Cy) = (Eca, Epca> Eapea> E). Then
E(C) = Eand I = {(r,a),(ab), (b,c),(c,d)} is a lex-
maximal branching in E(C). Since |I N C;| = rank(C;)
holds for i = 1, 2, 3, 4, the algorithm returns I.
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