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?�@�ACB�D�EGF�AIH>J�KMLMEGF�NIO�H>PRQ!F,J�QTS&J�EUAVF�AVWYXZA\[�OYAV]^J_KI`TERJ_a!J_WZOZD_KMJ�ObHcJ_KMLMERF!NIOdWeAIF7fgWZJ�XdHcD_OZ@�JhWYJ_OZJ�Q
i NIXZH>J�Ej`�HcNIO3kdlmHcJ_KMLMEGF�NIOdW8PROnJ�EjS&LMK�AIF!o,Q!]/p�qrAma!P i NVW�WsAIERNIEGWZLM]utVAIEUAIa,LMEvfIAI@_Wn]VD�XZEGJ�]wkdJ_ERJ�@_@�DhWYJ�]Q,J�]IJ_H
J�HcAIPRE i J_Qyx,z|{MOZ@_{MQ!{MHex

} [sa!EGLIWZWZJ�X�~�ERF,P

� �7?�KI`�F!LMH>PRQ,lM]ID_OZ@�EGJ_W�H>PRQ,F!J�Q�F!LMH>PRQ,l�kZNIQ�AI]�]VD_WgS&J�EGD�Q�]IDhWw]2�!EG{MQ i {I@��!fy�mD_O
n
]V{M@�{VWZWYP�J_KMD�Od@mOZ@�NVH

NIERE$��AIa!LME
n > 1

J_KMD�Od@
�hp2�<o!F�kdo!]/f�a!LMKI` i NIXZa,LMKI`�AVQctVNIEUAVOZ@_WZo!Q!]]VD_W)]��,ER{MQ i {M@��>�wD_O
n
]I{I@�{IWdWYP/J�KMD_OZ@hW�f

B3LMQ�WZLMOYAIQ�J_KI`cLMEG`MAIQ�F!LMH>PRQ,l�tVAIQ�A�]VD�OZ@_ERJhW i J�Qyf/AIH>PRQ,J�]�]IDhW�S&J�EGD�Q�D�B,B�A�]IDhWg]�PjtVNIEUAIOd@_WZLIWZW)OZ@�NIH�NIEGEvp
� S&J�EUAVF�AVWYo,Q!]�AV@If8a!LIKI`\A�]ID_OZ@_ERJ_W>{MOdOZ@_J�O>F!LMH>PRQ!l�kZN�W�J�EGa!J�Ej`MJ_@�@��,]�J�KI`IJ_WZERJ�QC]I{IX i J�QC�!KI`Mf�a!LMKI`�AI@
J�KI`�HcNIO�HcJ_EREGDr]IJ_XZ�!EG��F!LMH>PRQ!lIS&J_ERJ_]IJ�Q�AI@�LMQ,LMOgOZ@�NVH�NIEGE�kdLMQ��&EUNIOdF�AI@mN i XZNVW���p!qwAVWsNIXdLM@�@_o!]�H>J�K!f�a!LMKI`
HcJ_EG`

n � J_]�J�OdJ_WYD_Q�EGD_WYJ_@�PG]�PREj`MJ_QeJ_ERa!J_EG`IJ�@�D_O�x
7 31 7 3
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n
B3LMQ�WZ�cWYJ_E�kdJ_O)KMXZNVS�[_OZ�![_OYAIPjW�AI@��rD_O

n
]I{M@_DrJ�Od��J�KID�OZ@_J�]2]IJ_Evp,?n]2]VLMX�H>PRQ!F!J_Q

F!LMH>PRQ!lMQ!AI]uJ�KI`ID�X�WYJ�EGH� !J_QHcJ_KIS&J�EGJ�EGWZJ_WZa!J_WZ�¡ArKMXZNVS/J�KV`�D_ERJI¢VAI@
x
D_O
y
OZ@�NIHcLI]VA�W�WsAVXdWsAVERHcAI@�l|F!LMH>PRQ!lVW
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x
D_O
y
[�£GHc]VD¤kd eB3LMQ�WZLM]�AVWg{MOZOd@�J_]I{IWZ��D�E�XdJ�B!XdJ�@_J�Q�WsNIE¥kZA,p

?�]2]ILIX�J�KI`�LIEG`�AVQ�F!LMH>PRQ,lMOZLMXdLM@�A�W�fyH>J�Ej` i J�Q�AI@>J�KI`�HcNIO�H>J�EGERJhWZWYP�F,LMHcPGQ!lIS&J_ERJ�]VJ�Q�AI@�LIQ!LMO�OZ@�NVH
NIERE;f<H>J�KVS&J�ERJ_E)J_KI`�OdD_WYNIQ�AI]�A¦KMXYNVS i AIQyp8?�H>PUAVWdW�A¦F,LMHcPGQ!lM]�J�KV`�H>J�KIS&J_ERJ�EG��J_ERXZJ_Q!F!J_@�D�OdJ�D�B!B�J�Q§J�KV`
LMEG`MAIQ�@�NIX�WgD�EROdLMXZLI@�AVWgEGJ�OZ@�AKMXZNVS i AIQyf!AIHcJ_EG`�HcPGQ!F!J�Q�D_ERJ_W�WYAIXdWYAIERHcAI@ � tIAVKI`�PRO�J�KV`�?�o!ERJ_X � ]V{MX�p� ]ID_XZF!D_O�WYJ_a�NVW�AI@Ifna!LMKV`§HcJ_EG`

n � J�]2XdJ�ERDhWYJ_@�PR]§AV@ n B3LMQ�WZ�0WYJ_E�kdJ_OcKMXZNVS i AIQ0?�o!ERJ_X � ]I{MX_p©¨ePGtMJ_EHcPGQ!F!J�Q�WYJ�E¥kdJ�O8KIXYNVS/{MOdOZ@_J_S&�!KMKI�!fM£RKV`�B�LMQ�WYLMOZAIQ�AI]2]ILIX8tIAVQ
Kn �

i J�Q�?�o!ERJ_X � ]I{MX_fIa!LMKV`�a!A i J_Q!Q!J�H>PRQ!F!J_QB3LMQ�W8S&LI]VA¡B!NIXZLMO_p
Kn

J�KI`�WYJhWYOZ@_�MERJ_KMJ�O�[_OZ�![_OYNIQ!AI]ArS&LM]�A
n−1

fMtVAIKI`�PRO8J_@�B3LIQ2WZLMOYAVQ�AI]2]ILMX�EGJ�OZ@�B!NIXZLMO_f
a�A

n
B!NIXYAVWZEUAIQ7p

� tINVEUAIOd@�WZJ�a�NVWuAI@If�a!LMKI`bB�LMQ�WYLMOZAIQ�AI]2]ILMXrERD_WZJ�@_PR]�H>J�KIS&J_ERJ�EG��J_ERXZJ_Q!F!J_@�D�OdJ�A�F!LMH>PRQ,lM]2Q�AI]/f3a!A
nB�NIXYA�WYEUAVQyp
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G
KMXZNVS�[�Od�![�OZAIP�ERJ�KV`MJ�Q,J�]>J�KI`b�

8× 8 � AIOY�nOZAI]2]�WsN i ERA�H>J�@_�MPvp2zuD_W)]2�!ER{IQ i {M@_��[�Od�![�O�AI]2]ILMX)ERJ�KV`MJ�QOZ@�LIHcOd@�D�F,LMO
G � i J�Qyf�a�A�A�H>J�KIS&J_ERJ�EG��H>J�@_�M]cJ_KI`>S&o,WYl
tVAIE�J�KI`�ERD�B�D�O i J_Q�J�EGD�XZa,J_WY�I]cJ_KI`�H�NIO i lIEvp�qrAVWYN �XZLM@_@�o!]�H>J�K
G
]�XdLMHcAVWYPG]�o,O�OZ@�NVH�NVW�x$� � OZAI]2] i AIQ¦A�S&o,WZl�[�OYAV]�NVWYEGlMOYAVQeH>LM@_LMKMa�AVW�f,F!JmJ_KI`�EGD�B�D�O i J�Q

J�KI`�]2PjtINVEUAIOd@_WYLVWZW ±45◦ � LMO�J�KI`IJ�Q!J_OrH>J�Q�WYD_QeWZJ_WZOZ@��IERJ�KIJ�OZJ_QbOdLM]�H>J�@��VWgERD�B,a!J_W�pª�
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?�EG�MOZ@_{MXrPGOwtMJ_KI`��!]¦D_OZ@�XdJIfya,LMKI`bA�OYAV]�]�WYN i EUA�tVAIERAIH>J�EG`�NVWYEGl�kZNIQ�AI]�H>J�KVS&J�ERJ_ER��«
G � i J�ERP$B�LMQ�W¡J_KI`]�EGPR]2]IJhW)AIER]VLIW

G � i J�QyfMa,PROZ@_J�QcAI@|NVWYEGl i NIXdHcJ_EG`�]VD_W¬H>J�@��#kdJ|J_KI`�H�NVO i lME�J�KI`�ERD�B�D�OdOZJ_E�J_ERD_XZa!JhWY�uS&o,WYl
tVAIE;p?nH>PUA�WZW
ω(G) ≥ 8

f�AIH>P i �ME
χ(G) ≥ ω(G) ≥ 8

p
?�H>J�EGERJ_WdW

G
]2PROd@�£RQ,J�@�a,J_WY�«�Od@�£GQ!Q!J�E;p8?�a!a!J_@�OZ@_£RQ!J_@�@��,]

G � W��!KV`Mf�a,LMKI`�AI@¦�Mp®LMOZ@_ERLMB�H>J�@_�MPRa,J�@a�AIOZ@_Q�NIE¥kdo!]�AV@¦�Mp�Od@�£GQ2W�f8A�¯�p®LMOZ@_ERLMB\H>J�@_�MPRa,J�@�A�¯�p�OZ@_£RQ�W�f®OdW i f�AI@�AI@�A
k
p®LMOZ@_ERLMB\H>J�@_�MPRQ,J�]OZ@�£GQ!J

ERJ�KV`MJ�Q
k
p,?�]2]ILIX�«�OZ@_£RQ�W�a�AVOZ@�Q!NIEGWZo!Q!]/f�D_O�H>PGtMJ_E7AV@rJ�KV`�LMOd@�EGLMB i AIQ�ERD_tI��H>J�@��I]>Q,J�H°OZ@�LIHcOd@�D�F,LMOYAI]/f

J�@�D_XdWwAI@mJ�KV`�Od@�£GQ� bB3LIQ2WZLM]cS&�,KMKMJ_WZERJ_Q!J�]/f/AOZ@_£RQ!J_@�D�Owa!J�Ej`MJ_O�p
�<J�a!NVW

χ(G) = 8
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»w¼�¼�½I¾Y¿VÀ&Á�ÂMÃyÄ_ÃGÅMÄ_ÆZÆdÇ�È!É�¼Á�¼IÃyÀ&Ä_ÃRÆdÊ!Ë,Á�¼VÃ$¼IÃRÆdÂÌ�Æ�ÍdÎMÁ!Á�À&Ä�ÃGÆZÊ�Ï�ÎMÐ�ÑYÎMÉ�¼VÑ�Ë�¼IÉ2ÉIÎM¾|¼Òc¼I¾Y¼IÓ,Ì�É�Ô�Ï�ÎMÐ�Ñ

Ä�½IÕ�ÉVÖM¾dÑ|À&Ä�ÆdÇ�×GÑ�Ø�ÙnÚ,Ú!Ä�Ç�Ä�ÃRÃGÄ�Ð!ÊI¾ZÛRÇ_Ð!ÛyÉVÄ�ÃRÃ;Ë�Ú!ÎM½IÕ�Ä_½IÕ�¾ZÌ_ÆZÇ_Ñ¡¼cÉVÖM¾¡ÔÌ�ÃGÄuÅI¼VÃRÂMÁ�¼VÐbÁ�Ä�Ð!Ð,Ä�ÅV¼IÐ�¼c½M¾Z¿VÀ&Á�¼IÐyË
Ò�¿IÆd¾ZÌ_ÆZÇ_Ñw¼ÉIÖI¾|ÉVÎMÒ>Ï!ÃRÄ_ÒcÄ_Ð2ÑZÄ�¾dÌ�Ð!Ä_ÉeÔÌ_ÃRÄ¡ÅV¼IÃGÂMÁ�¼IÐ�Ú!ÛR¿IÐ�Õ�Ç_ÛRÉ�¼�½I¾Y¿VÀ&Á�ÂMÃvØ

ÜeÛGÅMÄ_Ãn¼�½M¾Y¿�À)ÑZÄ�Ú�¿VÑuÑY¼I¾dÑY¼IÃRÒc¼IÇ�Ä�½IÕ�Ô�Ú!ÎMÆZÆdÇ�Ý�ÉIÖM¾�ÑuÀ&Ä�ÆZÇ_×GÑZÄ_ÑZÑm¾dÌ�ÆdÇ�½M¾Z¿VÀ&ÉIÌ_Ð2Ñ�Ë<¼IÇÄ�¾dÊMÆuÏ3Ä_¾dÀ&Ä_É2Ñ�½M¾Z¿VÀ
ÑYÌ_ÑZÄ�ÃmÞ�ÑY¾dÛGÅ�ÛU¿IÃGÛRÆmÛR¾Z¿IÐ�Õ�¼�ß�ÒcÛR¼VÑZÑ�Ð!Ä�ÒàÃRÄ_Ú!Ä_ÑÏ�Ä�¾�À&Ä�É�Ñ�Ø�Þ�árÇ�Ä_¾ZÊMÆ�Ï3Ä_¾dÀ&Ä�É�Ñ�½M¾Z¿VÀgÑYÌhÑYÄ�Ã�¿IÃRÃG×GÑs¿VÆY¼,â�Ä_½IÕ�½M¾Z¿VÀ
¼IÉ2ÉIÎM¾�Ì�Æã_ÆY¼IÉ�¼IÉ2ÉIÎM¾�Ï�Ä�¾dÀ&Ä_É�Ñ�Ë�Ú�¼¦Ð!Ä_ÒäÑs¼V¾dÑs¼VÃRÒc¼IÇcÀ&Ä_ÆZÇ�×jÑYÄhÑZÑ�¾ZÌ_ÆZÇ_½M¾Y¿VÀ&ÉVÌ�Ð�ÑcÆZÄ�ÒäÃRÄ�½M¼IÃU¿IÁ,Á§Ô¦Ú!ÎMÆZÆdÇ�Ý
Ï�¿I¾Y¼�ÑYÃU¼VÐ�ÉIÖM¾�Ñ�Ë�ÆZÄ_ÒåÏ3Ä_Ó!ÛR½ÃGÄ�½�¼VÃU¿IÁ!ÁeÔ�Ú!ÎIÆZÆZÇ_Ý�Ï�¿V¾Y¼VÑZÃU¼IÐ�ÉVÖM¾gÉIÎMÒ>Ï!ÃRÄ_ÒcÄ_Ð�ÑYÄ�¾dÌ_Ñ�Øªß
æ º�á

G
Ä_½IÕ�ÆZÇ�Ä_¾Zç�½M¾Z¿VÀ&Á�¼IÐc¼mÃRÄ�½IÐ�¼I½IÕIÎMÁ!Á�À&ÎMÉ2ÆZÇ�¿VÒ°ÃGÄ�½IÕIÄ�Ð

∆
Ø�èuÌ�ÆdÇ�×jÑYÆZÈ,É>Ä_Ã�¼

G′
½M¾Z¿VÀ&ÎIÑ)¼mÉIÖ
ÅMÄhÑYÉIÄ_Ç�ÊVé

ÉIÌ�Ï,Ï3Ä_Ðyâ
G′
é*Á3Ä�ÅIÄ�½IÕ�È!ÉÀ&Ä�Ã

G
ÒcÛGÐ!Ó!Ä�Ð�ã_ÆZÝ!ã_ÆY¿VÑ)Ì�Æ¬Ì�ÃGÌ_Ñ�ËMÑZÎ
ÅI¿VÁ!Á�¿

G
ÒcÛGÐ!Ó!Ä�Ð

v
ã�ÆZÝ,ã�ÆY¼�Ä�ÆdÄ_ÑYÌ_Ð�ÅMÄ_½IÕ�È!Ð!É

À&Ä�Ã<Ä�½IÕeÝ�Í
v′
ã�ÆZÝ,ã�ÆZÎVÑ�Ëy¼VÒcÄ_ÃGÕMÄhÑrÉVÖMÆZÆdÈ!Ð!ÉbÖMÆZÆdÇ�Ä

v
é*ÅIÄ�Ã;ê/ÅIÌ�½MÈ,Ã

G
Ò>ÛRÐ!Ó!Ä_Ð {u, v} Ì�ÃGÌ�¾ZÄ G′ é*Á3Ä_Ð�¼cÒ>Ä�½�éÀ&Ä�ÃRÄ_ÃRÊ

u′
Ì�Æ
v′
ã�ÆdÝ!ã�ÆdÎMÉ�¼VÑÛRÆ�ÉIÖIÆZÆZÈ,É�ÖMÆdÆZÇ�ÄVØnÜbë,ÑY¼IÆZÆdë!É�Ò>Ä�½,Ë<Ú,ÎM½IÕ�¼�É�¼IÏ�ÎIÑZÑ

G′
½M¾Y¿�À�Ì�ÃGÉ�¾dÎMÒc¼VÑYÛGÉ�ë,Æ

ÆZÇ�¿VÒ�¼
χe(G

′) = ∆ + 1
Ø

²�³2´/µ�¶;·$¸�¹Iº
ìrÛRÇ_ÛRÐ!½�ÑZÌ_ÑZÄ�ÃRÄ�¼IÃU¼IÏ2ÍZ¿IÐ

G
Ì�ÃGÄ�Û©É2ÛGÆZÇ�×GÐ!Ä�Ç_Ú!Ä_ÑZÊMÉ

∆ + 1
ÆdÇ�×RÐ,Ð!Ä�Ã;Ø8ígÖM½MÇ�×jÑYÆdÈ!É

G
é�Ð,Ä�ÉÄ�½IÕ�ÎMÏ,ÑZÛRÒc¿IÃRÛGÆ

Þ
∆
ÆdÇ�×GÐ2ÑgÚ!¼IÆZÇ_Ð�¿IÃRÂ�ß)Ì�ÃGÆZÇ�×GÐ!Ä�Ç_Ì�ÆdÌ_Ñ�Ë�Ì_Æ�ÍdÄ�ÃRÖIÃ�ÍdÈ!É>¼IÇ

xy
Ì�ÃGÄ�Ð�Ú�¼IÆdÇ�Ð�¿IÃjÑ�ÆZÇ_×RÐ�Ñ

c(xy)
é*Ð�¼IÃvØ,î�Ç_×RÐ!Ä_Ç�Ç�È,É�É2Û

G′Ì�ÃRÄ_ÛGÑ¬¼�ÉIÖ
ÅMÄhÑYÉIÄ_Ç�ÊMÉVÌ�Ï!Ï�Ä�Ð7Ø�ï®ÄhÑYÆZÇ_ÊMÃRÄ_½MÄ�Æ
G
é�Á�Ä�ÃRÛ

xy
Ì�ÃR¾dÄ|¼

G′
é�Á�Ä�ÃGÛ

xy
Ì�Ã/ÆdÇ�×RÐ,ÄwÛGÆ¬ÃGÄ�½IÕIÄ�ÐcÒcÎMÆ�Ñ¬ÛRÆ

c(xy)
Ë

Ì�Æ�ë!½IÕ�¼VÐ!Ä�Ç>ÃRÄ_½IÕMÄ_Ð�¼�ÆZÇ_×RÐ!Äc¼IÇ
x′y′

Ì�ÃRÐ,Ä�É¦ÛGÆ�Ø$Ù�ÇcÄ_Ó!Ó!ÛG½eÐ�Õ�ÛRÃjÅV¿IÐ�ÍdÂbÆdÇ�×RÐ,Ä�Ç�Ì_Æ�Ë<Ú!ÛRÆdÇ�Ä_ÐÅV¼IÃGÂ�ÍZ¿IÁ�¼IÐ�ÉVÌ_Ñ
Ó!ÛRÆdÇ¤Ídë!Ð!É�Ñ�Ë

G
évÅMÄ_Ã�ÛRÇ�ÎIÒcÎM¾�À<¾ZÌ�ÆdÇ�½M¾Z¿VÀðÍZ¿VÑgÆdÇ�×RÐ,Ä�Ç_ÑZÈ!É

G′
é�Ð!Ä_É/Ø

ÜeÎMÆdÑ>Òc¿I¾�ã_ÆY¼IÉ�Ò>ÛRÐ,Ó!Ä�Ð
x
ã�ÆdÝ!ã�Æd¾Y¼�¼VÇ

xx′
Ì_ÃRÄhÑÉIÄ_ÃRÃ�É2ÛRÆdÇ�×GÐ!Ä�Ç_Ð�È,Ð!É/Ø¬áwÇ

x
é�¾dÄ�ÛRÃRÃGÄ�ÆdÇ�ÉIÄ_Ó!Ê�Ì�ÃGÄ�ÉVÄ_Ñ

Ï3ÎMÐ�ÑZÎMÆY¼IÐcÝ!½IÕ�ÆdÇ�×RÐ,Ä�Ç_ÑZÈ!É/Ë�Ò>ÛRÐ�Ñ¬¼IÇ
x′
é*¾ZÄ|ÛRÃGÃRÄ�ÆdÇ�ÉVÄ�Ó!ÊMÉVÄ_Ñ�Ë�×G½IÕ�¼IÇ

xx′
Ì�Ã/ÒcÛGÐ!Ó!ÉVÌ_ÑnÅMÌ_½MÏ3ÎIÐ2Ñ&ÍZ¿I¾Y¼�¼IÇgÄ�Ó!Ó,ÛR½

Ú�¼IÆZÇ_Ð�¿IÃjÑcÆdÇ�×GÐ!Ä�É\Ú�¼VÃRÒc¼IÇ�¼¦ë!½VÕ�¼IÐ�¼VÇ_Ñ�¼
d(x)

Ó�¼V¾Y¼IÁCÆZÇ_×RÐ�Ñ�Ñs¼I¾�Ñs¼IÃGÒ�¼IÇ_Ç�¼,Ë�¼IÚ!ÎMÃ
d(x)

¼VÇ
x
ã�ÆZÝ,ã�Æ

G
é

Á3Ä_ÃRÛyÀ&ÎMÉ�¼,Ø/Ù�Ç�Ì_¾dÑwÃRÄ_½IÀ&Ä�Ã¥ÍdÄ�Á!Á
d(x) ≤ ∆

Ó�¼I¾Z¼IÁ�ÆdÇ�×RÐ�Ñ|Ð!Ä_ÒñÚ!¼IÆZÇ_Ð�¿IÃRÚ!¼VÑYë!Ð,É
xx′

ÆZÇ_×RÐ!Ä_Ç�Ì�ÆdÌ�¾dÄIË3ÅV¼I½VÕ�ÛGÆ|¼IÇ
ÖMÆZÆdÇ�Ä�ÆdÄ�Ð¦Ú!¼IÆZÇ_Ð�¿IÃRÚ!¼VÑYÂ

∆ + 1
ÆZÇ_×RÐeÉIÖMÇ_È!Ã�ÅI¼VÃU¼IÒ>Ä�ÃjÕ�ÛGÉ�Á!ÛRÇhÑYÎMÆZ¼IÐ�ÒcÄ_½IÀ&Ä�ÃGÄ�ÃvØ

Ù�Ç_Ç�Ä�Ã�¼�ÒcÂ�Ó!ÆdÇ�Ä�¾d¾ZÄ_Ã)ÑYÄ_Ú�¿VÑÒ>ÛRÐ,Ó!Ä�Ð�Ì_ÃRÄhÑ�É2Û)ÑZë!Ó,ÑYë,Ð!É�ÆdÇ�×GÐ!Ä�Ç_Ð!Û
∆ + 1

ÆZÇ_×RÐ!Ð,Ä�ÃvØ8ÜbÛGÅIÄ�Ã
G′
é*Á3Ä_Ð\¼

ÃRÄ�½IÐ�¼I½IÕIÎMÁ!Á�À&ÎIÉ�ÆdÇ�¿IÒ�Ý�ã�ÆdÝ!ã�Æ�À&ÎIÉV¼
∆ + 1

Ë$Ì�Æ�ÒcÛGÐ!Ó!Ä�Ð�½M¾Y¿�À&Á�¼IÐ�¼VÇcÌ_ÃRÉ2¾ZÎMÒc¼VÑZÛRÉ2ë!ÆmÆZÇ�¿IÒàÃGÄ�½�¼VÃU¿IÁ!Á¼
Ò�¼�ò�ÛGÒ�¿IÃGÛRÆnÀ&ÎMÉ2ÆZÇ�¿IÒbË,Ä�Ç�Ì_¾dÑ

χe(G
′) = ∆ + 1

Ø
ó ºgô)ÎMÐ�ÑYÆZë,ÉCÄ_ÒcÄ_ÃRÄhÑYÄ�É2¾dÄ�¼õnÙ¬í®ïåÓ!ÛU¼I½I¾Y¼IÒàÛR¾Y¿VÐ2Õ�×jÑYÎIÑdÑ�½M¾Y¿VÀðÍZ¿�Ñ�Ë8Òc¼#ÍdÓCÚ�¼VÑs¿V¾ZÎMÇ_Ç�ë!É§Ò>Ä�½�¼�À&Ä_ÃU¼IÓ�¼�Ñ
Ä�ÃGÅIÌ�½MÇ_Ì�ÆdÌ�Ú!Ä_Ç�ÆZÇ_È!É2ÆZÌ_½MÄ�ÆwÒcÛGÐ!ÛRÒc¿IÃRÛGÆnÛRÓ!ÊIÑgÌ_Æ|¼�É2¾dÛGÑYÛGÉ2ë!Æ�¾ZÌ_ÆZÇ_À&Ä_ÃU¼IÓ!¼VÑYÎMÉ�¼VÑ�ö
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?�KI`�EGJ�a!JhWYOdD�KMJ_O©J�H>J�EGJ_WZJ�]2XZJ i LIQ2WYNIO�¢

E |B |A G C
F H

D
p�~�Q!Q!J_Q�J�KI`�EGJ�a!JhWYOdD�KMJ_O)WYLIB3LMEGLMKMPG]�o,O8OZLMX �

XZJ�Q,F\Ab]V{#tIJ_WZ]IJ�@_�!¢
E,B,A, F,G,H,C,D

p � @cJ�KI`IJ�O�[_OZ�![_OZLM]2a!LM@�WYAIXdWZLM@�leS&J�ERAIF�AVWZLM]¦J�EjtMD_KM@�D_OZD�a,J�@
OZ@��,]�OdD�KMJ_OrPGF!�M]/¢

t(E) = 0
t(B) = t(E) + 2 = 2

f,D�O
EB

AIF�kZA�A�H�A#ø,PGH�o!H>LIW�f
t(A) = t(B) + 3 = 5

f,D�O
BA

AIF�kZA�AH�A#ø,PGH�o!H>LIW�f
t(F ) = max{t(E) + 7, t(B) + 6, t(A) + 3} = 8

f�D_O
BF

tVAIEUAVHcPGQ2W
AF

PGO)HcA�ø�PRHcNIEGPRO�D�X�WYD_]IJ_W�AIFyf
t(G) = t(E) + 6 = 6

f!D�O
EG

AIF�kZA�AH�A#ø,PGH�o!H>LIW�f
t(H) = max{t(E) + 10, t(F ) + 1, t(G) + 2} = 10

f�D�O
EH

AVF�kZA�A�HcA�ø�PRH�o!HcLVW�f
t(C) = max{t(A) + 5, t(G) + 3} = 10

f!D�O
AC

AVF�kZA�A�HcA�ø�PRH�o!HcLVW�f
t(D) = max{t(A) + 7, t(G) + 7, t(H) + 3, t(C) + 2}= 13

f2D�O
GD

D�O
HD

AIF�kZA�A�HcA�ø�PRH�o,HcLIW�p

ù¬AVKI`�PROgA�WYJhtMD_]IJ�Q�`�OZD_KMJ�]bJ�EjtMD�KI@�D�OdD�a!J_@�Od@��!]2OZD_KMJ�Ow{MOZOd@�PGF!���
ú�J�KI`�OdD�K!p/zuD_Wg]2XdPGWYPG]2o!O��,W�WsAVEUNIEGa�AVWYl
A�KIXYNVS i AVQy¢

E −G−D D_O
E −H −D p��<J�a�N�WrA]2XZPjWYPG]�o,O�XZD�Od@_S&J_EUAIF�A�WYLM]/¢ E,G,H D�O

D
p

û � � F#kdo!Q!]�HcJ_K¦AI@cAIERN i!i P�a�NVERlM@�AVW i AVQ�J_KI`HcPGQ!PRHcNIERPGO
ST � tVNIKMNIOdW���D_O i PR@�LIQ2`�£jWYOZo,] i J>XZlMERA,f�a!LMKI`HcPGQ!PRHcNIERPGOs��x

A B

F

T

G

(4)

(1)

(2)

(6)

(12)

(5)

(6)

S

C
D E

(5)

(10)

(5)

(2)

(1)

(4) (1)

(5)

(12)

(2)

²�³2´/µ�¶;·$¸�¹Iº
á Ò>ÛRÐ!ÛGÒ�¿VÃRÛRÆ

ST
é*ÅV¿I½�¿IÆ�Ñ

G
é�Á�Ä�Ð ¼üÏ�ÎMÐ�ÑYÎMÉäÉIÖ
ÅMÄhÑYÉIÄ_Ç�ÊýÀ&Ä_ÃRÎMÆdÇ_Ñs¿VÆY¼ü¼IÓ�ÍZ¼,Ø§þ�Ä�½VÕMÄ�Ð

X =
{S,D,E} Ì�Æ X = {A,B,C, F,G, T} Ë$Ä�É2ÉVÎM¾>¼�ÅI¿V½�¿IÆZÁ!¼IÐ§ÆZÇ�Ä_¾ZÄ_Ï!ÃRÊ0Þ X é�Á�ÊMÃ X é�Á�Ä�Ò�ë,ÑY¼VÑYÂ2ß�Ì�ÃRÄ_É/â
SC, SA,DF,DG,ET

Ø�ÿ�Ð!Ð!Ä_Ð�¼�ÅV¿I½�¿VÆ|Ì_¾dÑZÌ�ÉIÄ
4 + 5 + 5 + 1 + 4 = 19

Ø
Ù�Ð!Ð,Ä�É§¼�ÅI¿V½�¿IÆZÐ!¼IÉ\¼�ÒcÛGÐ!ÛRÒc¼IÃGÛGÑs¿VÆY¿VÑmÛG½�¼IÇ�ÎIÃRÚ�¼VÑ&Ídë!ÉÄ�½IÕ�����Ì_¾dÑZÌ�É2ç0À&ÎMÃjÕ�¼IÒàÒcÄ_½�¼IÓ�¿VÆY¿�ÅV¼IÃvØ�Ùn½VÕ

ÒcÄ_½IÀ&Ä�ÃGÄ�ÃRÊ|À&ÎMÃGÕM¼IÒ>ÎIÑ�Á�Ä�¾Z¼#ÍdÇ�ÎIÃGÑs¼VÒ ¼IÇ�¿IÁ!¾Y¿VÐeÞ;¼IÇ_ÎMÐ�¼IÇ�Ì_ÃRÄ�Ð7ËM¼IÚ!ÎIÃ,ã�ÆZ¼IÉ�¼¡É�¼IÏ!¼Iã�ÛjÑs¿IÆ8ÆdÇ�Ä_¾ZÄ�Ï�Ä�Ã;Ë�¼rÀ&ÎMÃjÕ�¼IÒ
� Ì_¾dÑZÌ�ÉIÄhÑwÅIÄ�ÆdÇ�À&Ä�ÃUßhâ

A B

F

T

G

(4)

(1)
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(6)

(12)

(5)

(6)

S
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D E

(5)

(10)

(5)

(2)

(1)

(4) (1)
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(12)
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54

4 5

4 4

9

10

101

5
� º�á

2n
ã�ÆdÝ!ã�ÆdÝ

G
Ä_½IÕ�ÆZÇ�Ä_¾Zç�½M¾Z¿VÀ&Á�¼IÐ�¼�Ð!Ä_ÒcÆdÇ�ÎMÒ>ÆZÇ_Ì�Ó!ÎIÆ

u
Ì�Æ
v
ã�ÆdÝ!ã�ÆdÎMÉ>À&ÎIÉV¼

n− 1
Ë�¼IÇrÖMÆdÆZÇ_Ä�Æ©ÑZÖMÁ!Á!Û

ã�ÆZÝ,ã�ÆgÀ&ÎMÉ�¼�ÃGÄ�½�¼VÃU¿IÁ!Á
n
Þ�¼IÚ!ÎMÃ

n > 1
Ä�½MÌ_ÆZÇ
ß�Ø3Übë,Ñs¼VÆZÆZë,ÉeÒ>Ä�½,Ë!Ú!ÎM½IÕ

G
é�Á�Ä�Ð�ÅI¼VÐ�ÑZÄ�Ã¥ÍdÄ�ÆgÏ�¿I¾dÎMÆZ×jÑs¿IÆ_ö

�
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z|LMQ!O�WYXZo!NIE�kdo!]�A

G′
KMXYNVS&LVW��!KI`If�a!LMKI`

G � i J_Qb{MOdOZ@_J�]I{VW�kd�!]eAI@ u D_OwA v B�LMQ�WYLI]VA�W�p/?�]2]ILMX G′ � i J�QHcPGQ!F!J�Q�B3LMQ�W¡S&LI]VAcERJ�KMAIEUN i,i
n
ERJ_OZ@Vp�¨bPjtMJ�E

G′ � Q!J_] 2n
F�AIXZA i B3LIQ2W&kZActVAIQyf3£RKI`�A�±rPGXYAI[ � WYDhWYJ_E�H>PUAVWdW

G′ � i J�Q�WYAIEUNVERa�AVWZl|qrAIH>PREjWYLMQ � ]I{MX_p_ùrPROZ@_LMQ�W8J_KI`�qrAIH>PREjWYLMQ � ]I{IXdW�WsAVXdWsAVERHcAI@�lgKMXZNVS i lIE�J�KI`�D�EGJ_W®J�EGa�AIKI`2tVAA�HcAIXZAIF!D�]�KMXYNVS i AIQ�HcPGQ!F!PRK�tVAIQeqwAIHcPGEGWZLMQ � ��W�f�J�H>PUAVWdW G′ � i �ME�AI@ uv D_ERJhWg]�PjtMDhtMJ�A�t�PROdOZ@�AI]�AIB3LVWZW GKMXYNVS i AIQ i PG@_WZLMOYAIQ�tIAVQ\qrAIH>PREjWYLMQ � �,W�py±rJ G B�LMQ�W�kZAIPGQ�AI]�Od@�NIHcA�B�NIXdLMO�f<£RKV` i J_Q!Q!J�J_KI`�WYJ_WZOZ@_�MERJ_KMJ�O
qrAIH>PREjWYLMQ � �,W)HcPGQ!F!J�Q�B�NVXYAVWZEUAIQ�AVF!PR]>D�EGJuD�B!BeJ�KI`�WYJ�E¥kdJ�OgB�NIXdLMOZ£jWsNIO�EGJ�Od@ G � i J_Qyp
� �	��J�KV`MJ�Q

G
J_KI`��
�
c[_OZ�![_OZ��KMXZNVS�D�O

x, y ∈ V (G)
]2�!ER{MQ i {M@���[�Od�![�OdLM]/py�®o,F�kdo!]/f7a!LIKI` i NIXZa,LMKI`�AVQ

tINVEUAIOd@_W�kdo,]
G � i J_Q�AI@ u, v ∈ V (G)

[�Od�![�OdLM]�AVW��!KI`If2a!LMKI`cAI@_LM]
x � WZ�ME/D�O y � WYlME!]2�!EG{MQ i {I@�@�J_Q!J�]/f G � i J_QtIAVQ\LMEG`MAIQ��,W�f�AIH>J�EG`

x � i �ME y � i AetMJ�@_J_W>D�O�Q!J�HüWsAIX�WsAIEGH�AI@_@�AeOZJ�H
u � W�f<OZJ_H v � W�p�¨bo�WsAIOdOZo!]�H>J�K,fa!LMKI`�J_]2]ILMX

x � i �ME y � i A�tMJ�@_J_WwLMEG`MAIQ��,W�f/AVHcJ_EG`�Q!J�]ca!LMOdOZ@�A���D_ERJ�PGQ!J�]cOZ@�NIH�AM�©ERJ�KVS&{ME�kdJ i!i úMú,p
���21/-��;+$���I�

� S&J�EUAVF�AVW�Od@�{
tMJ_KMJ�D�B,B0AV@_WAV@�NIEREG£GWYNIOdWmS&LMK�AVERHcAI@�@�AeH>J�K!f®a!LMKI`
G � i J�Q§AV@ x D�O y ]I{M@_{IWZW�S&o,WYlo,WsAI]�AVWgEGJ_S&LMKIle�

x � WZ�ME�D�O y � WZlME7]2�!EG{MQ i {I@��2��B�LMQ�WYLM]�H>PRQ,PRHcNIERPGO¬Od@�NIHcAERJ_K�AIEUN i!i ú,f!a!PGOZ@_J�Q�¯b� x � WY�IEyD�O
y � WYlME�]2�!EG{MQ i {M@_�2�<B�LMQ�W�WZ{MXZEGD�OdJ©Q!J_H�J�ERD_KuAIa!a,LM@If�a!LMKI`�J_EGtVNIK�kdo!]

x � JhW y � WYlME;p
?�]2]ILMXn¨eJ�Q!KMJ_X8H>J�KIS&J_ERJ�EG�WYD_WZJ�EGJrOZ@_J�XdPRQ�W|AI@
x
D_O
y
]V{M@�{VWZW�S&o,WZl�B�LMQ�WYF!PGOZ@¤kdo,Q!]�W�o,WsAV]cHcA�ø�PRHcNIERPGO�OZ@�NIH�A�Od@�PGQ2WZD�Q�EGJ�K�AIERN i!i ú,p,?�@

AI@_W�kdJ_ERJ�Q�WZPvf!a!LIKI`�H>J�K�AIF,a�AVWYl�ú�B�LMQ�WYF!PGOZ@¤kdo,Q!]�Ww��W
x
D�O
y
]I{M@_{IWZW�f�ERJ�KV`MJ�Q,J�]�J�@_J�]

P1, P2

D�O
P3

p
¨eLMOdW¬WYJ_KI`��!]�S&J�E�PGQ!F!PRXdJ�]�WnH>l�F!LIQyfMa!LMKV`Q!J�H PGK�AI@gAuS&J�ERAIF�AVW¬NIEGER£jWsNIOZA,f�tVAIKV`�PGO�HcPGQ!F!J_Q

x � i �ME y � i AtMJ�@_J_WZ���,Wca!LMOZOd@�AERJ�KMAIEUN i,i ú�!pn?�]�]VLMX�B�J�XdOZ@_J¦A
P1, P2

D_O
P3

o,WYAI]\a!LMOdOZ@�A�PRO�ERJ_K�AIEUN i!i ú�!fnAI@�AI@
i J_EROZ��B�LMQ�W�kZAVPR]eOZ@�NVH�A�S&J�kdJ�Q!]VD�Q�W�EGJ�K�AVEUN i!i úMú,py?�@_J�Q�ú���WYQ�AI]�AI@�LIQ i AIQ�Q!J�H EGJ�a!JhWYQ!J_]¦]I{I@�{MO i J�EGOZ�
B3LMQ�W&kZAIPR]/f,£GKI`�J_@m{MOZOd@�J�OdJ�QbH�NIX©ERJ�KMAIEUN i,i���� J�KI`�HcNIOdWZlMEvf�tVAIEUAIH>PRQ�W

x � WY�IEyD�O y � WZlME3]2�!EG{MQ i {I@���B3LIQ2WZLIWkdJ�ERJ_Q�W�f�AIH>PyJ_ERERJ_Q�WYH>LMQ!F�AIQ!Q!AI]/f�a!LMKI`
G � Q!J�]¦��
�
B3LMQ�W&kZAtVAIQ7p � @�NIEGER£GWYNIOdW©J�@_@�J�E$PGK�AI@�LIEGWYo,]�p




