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Tracking the Best Quantizer
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Abstract—An algorithm is presented for online prediction that
allows to track the best expert efficiently even when the number of
experts is exponentially large, provided that the set of experts has
a certain additive structure. As an example, we work out the case
where each expert is represented by a path in a directed graph and
the loss of each expert is the sum of the weights over the edges in
the path. These results are then used to construct universal limited-
delay schemes for lossy coding of individual sequences. In partic-
ular, we consider the problem of tracking the best scalar quantizer
that is adaptively matched to the source sequence with piecewise
different behavior. A randomized algorithm is presented which can
perform, on any source sequence, asymptotically as well as the best
scalar quantization algorithm that is matched to the sequence and
is allowed to change the employed quantizer for a given number of
times. The complexity of the algorithm is quadratic in the sequence
length, but at the price of some deterioration in performance, the
complexity can be made linear. Analogous results are obtained for
sequential multiresolution and multiple description scalar quanti-
zation of individual sequences.

Index Terms—Algorithmic efficiency, individual sequences,
lossy source coding, multiple description quantization, multi-
resolution coding, nonstationary sources, scalar quantization,
sequential coding, sequential prediction.

1. INTRODUCTION

N this paper, we consider limited-delay lossy coding
I schemes for individual sequences. Our goal is to provide a
universal coding method which can dynamically adapt to the
changes in the source behavior, with particular emphasis on the
situation where the behavior of the source can change a given
number of times (which is a function of the sequence length).
We concentrate on low-complexity methods that perform uni-
formly well with respect to a given reference coder class on
every individual (deterministic) sequence. In this individual-se-
quence setting no probabilistic assumptions are made on the
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source sequence, which provides a natural model for situations
where very little is known about the source to be encoded.

Consider the widely used model for fixed-rate lossy source
coding at rate 2 where an infinite sequence of real-valued
source symbols 1,2, ... is transformed into a sequence of
channel symbols by, b, . . . taking values from the finite channel
alphabet {1,2,..., M}, M = 2%, These channel symbols are
losslessly transmitted and then used to produce the reproduc-
tion sequence Z1,Zs9,.... The scheme is said to have delay ¢
if the reproduction symbol z,, can be decoded at most 6 time
instants after x,, was available at the encoder. A general model
for this situation is that each channel symbol b,, depends only
on the source symbols x1,...,Z,1s, and the reproduction Z,
for the source symbol x,, depends only on the channel symbols
bi,...,b,. Thus, the encoder produces b,, as soon as z, s is
available, and the decoder can produce z,, when b, is received.

The performance of a scheme is measured with respect to a
reference class of coding schemes, and the goal is to perform, on
any source sequence, asymptotically as well as the best scheme
in the reference class. Thus, the performance is measured by the
distortion redundancy defined as the maximum, over all source
sequences of length 7, of the difference of the normalized cumu-
lative distortion of our scheme and the normalized cumulative
distortion of the best scheme in the reference class.

In the initial study of zero-delay coding for individual
sequences [1], the reference class was the class of all scalar
quantizers, and a coding scheme was provided (using common
randomization at the encoder and the decoder) whose distortion
redundancy was O(n~'/®logn) for bounded sequences of
length n. The results in [1] were improved and generalized
by Weissman and Merhav [2] who constructed schemes that
can compete with any finite set of limited-delay finite-memory
coding schemes without requiring that the decoder have access
to the randomization sequence. The resulting scheme has
distortion redundancy O(n~/31log?® N), where N is the
size of the reference coder class. To our knowledge, this is the
best known redundancy bound for this problem. In the special
case where the reference class is the (infinite) set of scalar
quantizers, an O(n~'/?logn) distortion redundancy can be
achieved by approximating the reference class by an appro-
priately chosen finite set of quantizers. The coding schemes
of [1] and [2] are based on the theory of prediction using
expert advice. The basic theoretical results were established by
Hannan [3] and Blackwell [4] in the 1950’s and brought to the
center of attention in learning theory in the 1990’s by Vovk [5],
Littlestone and Warmuth [6], Cesa-Bianchi et al. [7]; see also
Cesa-Bianchi and Lugosi [8] for a comprehensive treatment.
These results show that it is possible to construct algorithms for
online prediction that predict an arbitrary sequence of outcomes
almost as well as the best of IV experts in the sense that the
cumulative loss of the predictor is at most as large as that of
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the best expert plus a term proportional to y/In N/n for any
bounded loss function, where n is the number of rounds in the
prediction game. The logarithmic dependence on the number
of experts makes it possible to obtain meaningful bounds even
when the pool of experts is very large.

Unfortunately, the basic prediction algorithms, such as the ex-
ponentially weighted average predictor, which was applied both
in [1] and [2], have computational complexity that is propor-
tional to the number of experts and are therefore infeasible when
this number is very large. Thus, although the coding schemes of
[1] and [2] have the attractive property of performing uniformly
well on individual sequences, they are computationally ineffi-
cient. For example, for the reference class of scalar quantizers,
these methods use about n°2" quantizers as “experts” where
¢ = 1/5 for the scheme in [1] and ¢ = 1/3 for the scheme
in [2] and R is the rate of the scheme, resulting in a compu-
tational complexity that is polynomial in n with degree that is
proportional to M = 2. This complexity comes from the fact
that, in order to approximate the performance of the best scalar
quantizer, these methods have to calculate and store the cumu-
lative distortion of each of the approximately n° 2" quantizers.
Clearly, even for moderate values of the encoding rate, this com-
plexity becomes prohibitive.

For more general finite reference classes, the method of [2]
has to maintain a weight for each of the N reference codes. This
results in a computational complexity of order n /N, which only
allows the use of small reference classes. When the reference
class is an infinite set of codes, the method is applied to a finite
approximation of the reference class, which can result in a pro-
hibitively large N if the approximation is to be close.

Fortunately, in many applications the set of experts has a cer-
tain structure that may be exploited in the construction of effi-
cient prediction algorithms. Examples of structured classes of
experts for which efficient algorithms have been constructed in-
clude prunings of decision trees (Helmbold and Schapire [9],
Pereira and Singer [10]), and planar decision graphs (Mohri
[11] and Takimoto and Warmuth [12], [13]). These algorithms
are all based on efficient implementations of the exponentially
weighted average predictor. Using a similar approach which ex-
ploits the special structure of scalar quantizers, in [14] we pro-
vided an efficient implementation of the algorithm of [2] for
the reference class of scalar quantizers. In this algorithm, the
encoding complexity is reduced to O(n*/3) while maintaining
the O(n~'/3logn) distortion redundancy. Moreover, the com-
plexity can be made linear in the sequence length at the price of
increasing the distortion redundancy to O(n~'/%,/Togn).

In the prediction context, a different approach was taken by
Kalai and Vempala [15] who considered Hannan’s original pre-
dictor [3] and showed that it may be used to obtain efficient al-
gorithms for a large class of problems that they call “geometric
experts.” Based on this method, a zero-delay quantization algo-
rithm with linear encoding complexity was given in [16] which
is conceptually simpler than the coding method of [14], and has
only a slightly larger distortion redundancy O(n~'/%log n). Re-
cently, Matloub and Weissman [17] extended the general coding
scheme of [2] and the method of efficient implementation of
[16] to zero-delay joint source—channel coding of individual se-
quences over stochastic channels by showing that, under general
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conditions on the channel noise, the problem can be traced back
to the source coding problem by replacing the distortion mea-
sure with its expectation over the channel noise.

As suggested in [2], itis an interesting open problem to find an
algorithm of low complexity that is able to approximate the per-
formance of the best scheme from a larger reference class. How-
ever, it seems that to date no low-complexity algorithms have
been devised which work for more powerful reference classes
than the class of scalar quantizers.

In this paper, we consider a more general reference class in
which each reference scheme partitions the input sequence into
contiguous segments and for each segment a different delay-6
code from a finite base reference class F may be employed. If a
combined scheme can change the applied code n times for an
input sequence of length n, then the number of such schemes
is Z;n:o(?)|]:|(|f| — 1)7. If one has to maintain a weight for
each reference code, the implementation is infeasible even for
a very small F, as the straightforward implementation requires
O((n 4+ m)™|F|™) computations. However, as we will show
in this paper, the structure of the reference codes provides a
possibility to overcome this problem.

Similar problems have been investigated earlier in the con-
texts of universal prediction and universal lossless compression
of piecewise stationary memoryless sources. The latter problem
has been studied by Willems [18], Shamir and Merhav [19], and
Shamir and Costello [20]. The efficient sequential algorithms in
these papers are based on a two-stage mixture procedure, where
mixture estimates are used for the source parameters in each
segment, as well as over the possible (or most likely) segmen-
tations of the observed sequence.

The corresponding prediction problem for individual se-
quences, known as the problem of tracking the best expert, is
perhaps the best known example of a structured reference class.
In this problem, a small number of “base” experts is given
and the goal of the predictor is to predict as well as the best
“meta” expert that is formed by certain allowable sequences of
base experts. A sequence is allowable if it consists of at most
m + 1 blocks such that in each block the meta expert predicts
according to a fixed base expert. If there are N base experts and
the length of the prediction game is n, then the total number
of meta experts is Z;nzo( SIN(N - 1)7. For this problem,
Herbster and Warmuth [21] exhibited computationally efficient
algorithms that predict almost as well as the best of the meta
experts and have regret bounds that depend on the logarithm of
the number of the (meta) experts. See also Auer and Warmuth
[22], Vovk [23], Bousquet and Warmuth [24], and Herbster and
Warmuth [25] for various extensions and powerful variants of
the problem. However, these methods become computationally
too expensive if the “base” reference class is very large.

In this paper, we develop efficient algorithms to track the best
expert in the case when the class of “base” experts is already
very large, but has a certain structure. Thus, in a sense, we con-
sider a combination of the two types of structured experts de-
scribed above. Our approach is based on a suitable modification
of the original tracking algorithm of Herbster and Warmuth [21]
that can handle large, structured expert classes, and results in an
implementation of the tracking predictor that uses a similar mix-
ture over the possible segmentations as the algorithms of [18]
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and [19] (however, extending their methods in many directions).
This modification is described in Section II. In Section III, we
use the modified tracking predictor algorithm combined with the
coding method of Weissman and Merhav [2] to obtain codes that
can track any finite class of limited-delay finite-memory codes
efficiently. The proposed method has computational complexity
((n + m)™|F|™)
complexity of the algorithm in [2] when applied to this problem,
and has basically the same distortion redundancy. In Section IV,
we illustrate our new prediction method on a problem in which
a base expert is associated with a path in a directed graph and
the loss of a base expert is the sum of the weights over the path
(which may change in every round of the prediction game). The
special structure of the experts allows efficient implementation
of tracking. This graph representation of the experts is used
in Section V to obtain efficient coding algorithms to track the
best scalar quantizer (i.e., to code asymptotically as well as the
best combined coding scheme from scalar quantizers). Finally,
in Section VI, we consider two network quantization versions
of this problem: tracking the best multiple description scalar
quantizer and tracking the best multiresolution scalar quantizer
(among quantizers with interval cells). The encoding and de-
coding complexity of each of these algorithms can be made
linear in the sequence length at the price of some performance
deterioration.

We note here that all the algorithms we present are horizon-
dependent; i.e., they depend on the length of the encoded se-
quence. However, it is a standard exercise (see, e.g., [8]) to
convert such an algorithm into a horizon-independent one by
applying it to blocks of inputs with exponentially increasing
lengths. The resulting truly sequential scheme will perform es-
sentially as well as the original algorithm.

II. TRACKING THE BEST EXPERT: A VARIATION

In this section, we present a modification of a prediction algo-
rithm by Herbster and Warmuth [21] for tracking the best expert.
This modification will facilitate efficient implementation if the
number of experts is very large.

The online decision problem we consider is described as fol-
lows. Suppose we want to use a sequential decision scheme
to make predictions concerning the outcomes of a sequence
Y1,Y2, ... taking values in a set J. We assume that the (ran-
domized) predictor has access to a sequence of independent
random variables Uy, Us, . . . that are uniformly distributed over
the interval [0, 1]. At each time instant ¢ = 1,2,..., the pre-
dictor observes U,, and based on U, and the past 1nput values
y'=t = (y1,...,y+—1) produces an “action” §J; € Y, where
is the set of predictor actions that may not be the same as ).
Then, the predictor can observe the next input symbol ¥; and
calculate its loss #(y:,y:) with respect to some bounded loss
function £ : Y x J> — [0, B], where B > 0. Formally, the pre-
diction game is defined in Fig. 1.

The cumulative loss of the sequential scheme at time 7T is
given by

T
Lr= Zf(yt, Gt)-
t=1
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Parameters: number NV of base experts, outcome space V,
action space Y, loss function £ : J) x ) — — [0, B], number
T of rounds.

Foreachround ¢t = 1,...,T,

(1) each (base) expert forms its prediction yg 2 37,

(2) the predictor observes the predictions of the base
experts and the random variable Uy, and chooses an
estimate 3; € ),

(3) the environment reveals the next outcome y; € ).

Fig. 1. The prediction game.

One of the most popular algorithms for the online prediction
game described above is the exponentially weighted average
predictor (see [S]-[7]) which is defined as follows: let > 0 be
a parameter and to each 4 =1,..., N assign the initial weight
wy,; =1/N. At time instants t=1,2,..., T, let vt(z) =w; /Wy
where W, = ZN 1 we,; and predict 9, randomly according to
the distribution P{g; = (l)} = vt( ). After observing y;, update
the weights by w1, = wme*”e(y“@g?)). This yields
- Zu 11 ey,

Z] 1€ UZH 11 €y ))

(@)

vyt =

that is, vfl) is proportional to the “exponential” cumulative per-
formance of expert ¢ up to time ¢ — 1. It is well known that the ex-
pected cumulative regret of the exponentially weighted average
predictor may be bounded, for all possible sequences generated

by the environment, by

T
R (i) InN  nn
E (LT i_rlr}_l_{{NZlﬁ(yf Uy )) < B< ; T3 )

where the expectation is understood with respect to the random-
ization sequence Uy, ..., Ur of the predictor. In particular, if
n = B/81n N/T is chosen to optimize the upper bound, then
the bound becomes B+/(71/2) In N. (For various versions and
more discussion on the performance of this algorithm, we refer
the reader to [8].)

The exponentially weighted average algorithm is thus guar-
anteed to perform, on the average, almost as well as the expert
with the smallest cumulative loss. A more ambitious goal of the
predictor is to achieve a cumulative loss (almost) as small as
the best tracking of the N base experts. More precisely, to de-
scribe the loss the predictor is compared to, consider the fol-
lowing “m-partition” prediction scheme: The sequence of ex-
amples y1, ...,y is partitioned into m + 1 contiguous seg-
ments, and on each segment the scheme assigns exactly one of
the NV base experts. Formally, an m-partition P(T,m,t,e) of
the first T samples is given by an m-tuple t = (t1,...,%m)
suchthatty = 0 < t; < --- < ¢, < T = t,,41, and an
(m + 1)-vector e = (eg,...,en) where e; € {1,...,N}. At



GYORGY et al.: TRACKING THE BEST QUANTIZER

Algorithm 1 Fix the positive numbers n and o < 1,
and initialize weights wi ; = 1/N fori=1,...,N.At

time instants t = 1,2,...,T let vtz) = wj ; /Wy where

W, = Zil wy ;, and predict § randomly according to
the distribution
P Lo =0} =0 )
After observing y, forall: = 1,..., N, let
wpy = wige ) @
and
Wiy, = aV;/\;H + (1 = a)wy; (3)
where Wiy = Zil wy'.

Fig. 2. The modified fixed-share tracking algorithm.

each time instant ¢, ¢; < t < ¢;41, expert e; is used to predict
y+. The cumulative loss of a partition P(T,m, ¢, e) is
tit1

L(P(T,m,t,e)) :53 z(%@f )

0t=t;+1

L((t,;,t7‘,+1]-, €i)

I
.Mg

Il
o

K2

where for any time interval I, L(1,i) = >, (v 79 de-
notes the cumulative loss of expert 7 in I. Here and later in the
paper we adopt the convention that in case the summation is
over an empty index set, the sum is defined to be zero (e.g., for
a > b, L([a,b],7) = 0).

The goal of the predictor is to perform nearly as well as the
best partition, that is, to keep the normalized regret

%(LT — min L(P(T,m.t.e)))

as small as possible (with high probability) for all possible out-
come sequences. A slightly different goal is to keep the normal-
ized expected regret

%[E(LT — min L(P(T,m,t,e)))

te

as small as possible, where the expectation is taken with respect
to the randomizing sequence UT = (Uy,...,Ur).

Herbster and Warmuth [21] constructed a so-called
“fixed-share” share update algorithm for the tracking pre-
diction problem. We present a slightly modified version of
this algorithm in Fig. 2. While this modification was also
introduced by Bousquet and Warmuth [24], the performance
bounds provided there are insufficient for our purposes.

Observe that Zf\il Wiy = Zf\il wi; = Wiyq in the al-
gorithm; thus, there is no ambiguity in the definition of Wy, ;.

1607

Note that (3) is slightly changed compared to the original algo-
rithm of [21].

The following theorem bounds the loss of the algorithm.
The proof follows the lines of the proof in [21] (with standard
modifications necessary to handle nonconvex action spaces and
hence randomized prediction), and therefore it is deferred to
the Appendix.

Theorem 1: For all positive integers m, T with T' > m + 1,
real numbers 0 < o« < 1,7 > 0,and 0 < p < 1, and for
any sequence ¥, . . . , yr and loss function £ : ) x Yy — [0, B],
with probability at least 1 — p, the regret of Algorithm 1 can be
bounded as

Ly — min L(P(T,m,t,e))

t,e
1 Nmtl TnB? Tn(1/p)
< -1 B\| ———— “
< (e ) T T @
and the expected regret can be bounded as
E <LT — ntlin L(P(T,m,t, e))>
,e
1 N™HL TnB?
< -1 . (5
<yulerge)t T ©

In particular, if & = 777 < 1 and 7 is chosen to minimize the
above bound as

81In (%)
T B2

n= (6)

we have

Ly — rrtlin L(P(T,m,t,e))

B T-1
ngﬂﬁ\/(m—}—l)lnN—}—mln +m

Tn(1/p)

B
+ 2

(N

and

E(LT—%?LGWRmJJ»>

B T-1
§T1/2ﬁ\/(m+l)lnN+mln +m. (8)

Remarks:

1) If the number of experts [V is proportional to 1 for some
v > 0, then the bound in (8) is of order /(mT")In T, and so
the normalized expected regret is

ZE(Ly — min L(P(T.m.t.e))) = O

= (m/T)InT).

That is, the rate of convergence is the same (up to a constant
factor) as if we competed with the best static expert on a segment
of average length T'/m.

ii) Note that to achieve the optimal convergence rate above,
the value of « has to be set based on the (a priori unknown)
number of switches . To avoid this problem, Vovk [23] gave
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an elegant solution using randomization over « that only causes
a slight performance loss. Earlier, Willems [18] used a similar
mixture method to estimate switching probabilities in the prob-
abilistic setting. Although it would be possible to introduce such
mixtures over « into our algorithms, for the sake of simplicity
we only consider fixed values of o throughout the paper.

A. Implementation of Algorithm 1

If the number of experts IV is large, for example, N = T
for some large v > 1, then the implementation of Algorithm 1
may become computationally prohibitive. The main message of
this section is the nontrivial observation that if the standard ex-
ponentially weighted prediction algorithm can be efficiently im-
plemented, then one can also efficiently implement Algorithm
1. The main step toward demonstrating this is the following al-
ternative expression for the weights in Algorithm 1.

Lemma 1: Foranyt = 2,...,T, the probability vt( ") and the
corresponding normalization factor Wy in Algorithm 1 can be
obtained as

i (1—a)~t _ 1,
ot = OS2 it
a =4 o
+ > (1= ) Tt WyenH D 4 2 (9)
NW, &~ N
o, 1=t
Wt = N Z(l — a)t_l_t Wt’Zt',t—l
=2
1—a)t—2
P (10)
where Zy ;1 = Zf\;l e~nL([t't=19) is the sum of the

(unnormalized) weights assigned to the experts by the expo-
nentially weighted prediction method for the input samples
(yt’*, s 7yt71)'

Proof: The expressions in the lemma follow directly from
the recursive definition of the weights {w; ; }. First we show that
fort =1,...,T /

—t W/e—nL([t’,t],i)

t
wii=5 20

=2
1 - a)t-! |
+ %e—nu[u],l) (11
Wiyq,; = WH—I + = Z t"'l—t' W, e~ LI ,9)

Me—nmwn_

T (12)

Clearly, for a given ¢, (11) implies (12) by the definition (3).
Since wii = 1/N for every expert i, (11) and (12) hold for
t = landt = 2 (for ¢ = 1 the summations are 0 in both
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equations). Now assume that they hold for some ¢ > 2. We
show that then (11) holds for ¢ 4+ 1. By definition

ND)

m _ .8 —nlyt+1,9,
Wiy = Wiyq € ( )
a =t (v41.37;)
= Lo e i

N +

t
[0 4 _ ’ i
;,;2(1 — )ttt Wy, e LIt 41D

1— a)t -
n %e—nll([l,tﬂ]ﬂ)

o t+1
=¥ Z(l
t'=2

(1-a)

+ T'e—nL([l,tH],i)

’ ’ :
a)t-i—l—t Wt/e_"L([t Jt41],4)

thus, (11) and (12) hold for all t = 1,...,
from (12) by normalization for ¢ = 2,.

T. Now (9) follows
,T + 1. Finally, (10)

can easily be proved from (11), as for any t =2,....,T
Wi = Z wiy ;
t—1
(g Z )= 1—t’Wt,e—nL([t’,t—1],qt)
i=1 N t'=2
(1-a) o~ L([1,6=1],)
+ N
t—1 N
— g (1 a)t—l—t/Wt/ Z e—nL([t’st—l]J)
N /=2 i=1
t—2 IV
1-0{ Ze—nL [1,t—1],7)
o 1
= N Z(l Ol)tilit Wt’Zt’,t—l
=2
1—a t—2
+ %Zl,t—l- O

Examining formula (9), one can see that the #'th term
in the summation (including the first and last individual
terms for ' = 1 and ¢ = ¢, respectively) is some mul-
tiple of e 7L(tt=11) Recall that the normalized version
of e L(¥'+=119) ig the weight assigned to expert i by the
exponentially weighted prediction method for the last ¢ —
input samples (yy,...,y:—1) (the last term in the summation
corresponds to the case where no previous samples of the
sequence are taken into consideration). Therefore, for ¢ > 2,
the random choice of a predictor (1) can be performed in two
steps. First, we choose a random time 7, which specifies how
many of the most recent samples we are going to use for the
prediction. Then we choose the predictor according to the
exponentially weighted prediction for these samples. Thus,
P {7 = t'} is the sum of the ¢'th terms with respect to the index
¢ in the expressions for v( R , and given 7, = t/, the probability
that g, = yf Dis just the probability assigned to expert ¢ using
the exponentially weighted average prediction based on the
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Algorithm 2 For t = 1, choose 11 uniformly from the
set {ﬂ?), . .,gﬁN)}. Fort > 2, choose Ty randomly
according to the distribution

(1—a)' 712141 ’_
V5T a—)t YWz, ;L
N , fort' =2,...,t

(13)
where we define Z, 11 = N. Given 7, = t', choose
randomly according to the conditional probabilities

~ (2 /
P{ytzyt() tht}

B—r]L([t/,t—l],z)
= Zyr 41 ’

Fig. 3. Efficient implementation of the modified fixed-share tracking
algorithm.

2|~

samples (4, ..., y+—1). Hence, we obtain the following algo-
rithm shown in Fig. 3.

We note here that the algorithm is somewhat similar to that of
Willems [18]. His second, so-called “linear-complexity coding
method” for the lossless compression of a probabilistic source
with piecewise independent and identical distribution is a mix-
ture code with ¢ component codes corresponding to the hy-
potheses that the last change in the source statistics occurred
attime ¢’ fort’ = 1,...,t. The conditional probability assigned
for the ¢th sample by such a component code depends only on
the last ¢ — ¢’ samples of the source sequence, similarly to our
Algorithm 2.

The discussion preceding Algorithm 2 shows that it provides
an alternative implementation of Algorithm 1.

Theorem 2: Algorithms 1 and 2 are equivalent in the sense
that the predictor sequences generated by the two randomized
algorithms have the same distribution. In particular, the distri-
bution of the sequence (41, --.,9r) generated by Algorithm 2
satisfies P{g; = yg } = vf) and

Pooifie =317} = of' (15)
forallt =2,..., ,Tand:z=1,..., , N, where P,_1 denotes con-
ditional probablhty glven the input sequence Y1,...,Y¢—1 and

expert predictions {y1 {yt 1}N 1 up to time ¢ — 1,

1= 17 v
and the v§ ) are the normahzed weights generated by Algo-

rithm 1.

In some special, but important, problems efficient algorithms
are known to implement the exponentially weighted average
prediction for the samples (yy, . ..,y:—1) for any ¢’ < t. Gen-
erally, as a byproduct, these algorithms can also compute the
corresponding probabilities P{g; = g),@m = t'} and normal-
ization factors Z ;1 efficiently. Then W; can be obtained via
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the recursion formula (10), and so Algorithm 2 can be imple-
mented efficiently.

In the following sections, we apply the prediction method of
Algorithm 1 to obtain efficient adaptive quantization schemes.

III. TRACKING THE BEST FINITE-DELAY FINITE-MEMORY
SOURCE CODE

In this section, we consider the problem of coding an
individual sequence with a fixed-rate limited-delay and fi-
nite-memory source coding scheme as defined by Weissman
and Merhav [2]. Our goal is to construct an algorithm that
performs as well as the best combined coding scheme which is
allowed, several times during the coding procedure, to choose
a new code from a finite reference class of limited-delay fi-
nite-memory source codes.

A fixed-rate delay-6 sequential source code of rate R =1og M
is defined by an encoder—decoder pair connected via a discrete
noiseless channel of capacity R. (Here ¢ is a nonnegative in-
teger, M is a positive integer, and log denotes base-2 loga-
rithm.) The input to the encoder is a sequence z1, x2, . . . taking
values in some source alphabet X’. At each time instant ¢ =
1,2, ..., the encoder observes x; and based on the source se-
quence z°1° = (x1,...,7;ys), the encoder produces a channel
symbol b; € {1,2,..., M} which is then noiselessly trans-
mitted to the decoder. After receiving b;, the decoder outputs
the reproduction ; (taking value in a reproduction alphabet X)
based on the channel symbols b* = (by, ..., b;) received so far.

Formally, the code is given by a sequence of encoder—decoder
functions (f,g9) = {fi, 9:}52,, where

fi:Xi+5—>{l,2,...,M}
and
gi:{1,2,...,M}i—>2€'
so that b; = f;(z*t%) and #; = g;(b"), i = 1,2,.... Note

that the total delay of the encoding and decoding process is ¢.
Although we require the decoder to operate with zero delay, this
requirement introduces no loss in generality, as any finite-delay
coding system with ¢; encoding and > decoding delay can be
equivalently represented in this way with §; + 62 encoding and
zero decoding delay [2].

The normalized cumulative distortion of the sequential
scheme after reproducing the first n symbols is given by

where d : X x X — [0,1] is some distortion measure. (All
results may be extended trivially to arbitrary bounded distortion
measures.)

The decoder {g;}72, is said to be of finite memory s > 0

if g;(b%) = ql(bl) for all 4 and b%,b* € {1,...,M}? such
that bi_ b; o Where bi__ = (b7 ) bil g4_1,...,b,;) and
bi_ (b, o b T P, b,). In order to emphasize that the

output depends only on b}__, sometimes we will write g;(b!__)

i—s?
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instead of g;(b") for such decoders. Let 7% denote the collec-
tion of all delay-é sequential source codes of rate R, and let F¢
denote the class of codes in F° with memory s.!

Let F C F? be a finite class of reference codes. Our goal is to
construct a delay-6 scheme which, for every sequence x", per-
forms “nearly” as well as the best coding scheme that employs
codes from F and is allowed to change the code m times. For-
mally, a code in this class }"m,n against which our scheme com-
petes is given by integers 1 <43 <9 < -+ <4, <n and codes
{(f9,g9N)22,, 5 =0, ..., m such that {(f“ N
for all j, and b; = fi(])(a:l""s), & = gfj)(b;_s) fori; < i <
1541, where 19 = 0 and ¢y,41 = n.

The minimum normalized cumulative distortion achievable
by schemes in F,, ;, for n reproduction values is

1 m i+1
D3 () = — min E min E
[ n 1< <<, < s F .=
<i im<n g (fo)EF L=y

d(m,gi(fi_s(x”“), e fi(wi”))) (16)

where £ = (z1, 22, . . .) denotes the entire input sequence.
Note that the minimum distortion in (16) is calculated under
the idealized assumption that at each time instant 1 = 7; +

1,... 4541 in the jth time segment, the decoder g(J ) has ac-
cess to the channel symbols b¢ _ generated by the jth code,
so that it can output &; = gi(fi(i)s (i H5==), ..., fL-(J)(x'i+5)).
However, in the real system, the channel symbols b;, s, ..., b;,
are generated by code j — 1 (ie., b; = f(] 1)( i+6=3) for
1 = i; — 5,...,1%;), and so the scheme cannot decode the first
S symbols at the beginning of the time segment. Since our goal
is to compete with the best scheme in F,, ,,, the idealized defi-
nition of D%, . () is in fact a pessimistic assumption on our
part.

In the rest of this section, we construct a general scheme
for tracking a finite set of limited-delay finite-memory source
codes. Low-complexity implementations for various scalar
quantization scenarios will be discussed in the subsequent
sections. The following general method is a combination of the
coding scheme of Weissman and Merhav [2] and our modifi-
cation of the prediction scheme of Herbster and Warmuth [21]
described in Section II.

The scheme works as follows. Divide the source sequence

™ into nonoverlapping blocks of length ! (for simplicity as-
sume that [ divides 7). At the beginning of the kth block, that
is, at time instants t = (k — 1)+ 1,k = 1,...,n/l, a coding
scheme (f(*), g(F)) = {fq-/(k)7 qlk)} 2, s chosen randomly from
the finite reference class 7 C F2. The exact distribution for the
random choice of (f*), g(*)) will be specified later based on
the results in Section II (see (20) and (21)). The encoder uses
the first [ log |F[] time instants of the block to describe the
selected codlng scheme (f*), g(®)) to the receiver ([z] denotes
the smallest integer greater than or equal to ). More precisely,
for time instants

ITn [2], the codes in F and F?¢ were allowed to use randomization. Since the
applications we consider in Sections V and VI are for nonrandomized reference
classes, we use a slightly less general definition. However, all results in this
section remain valid for randomized reference classes.
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an index uniquely identifying (f(*), g(*)) is transmitted. In the
rest of the block, that is, for time instants

i=(k-1)+ {%logﬁ-ﬂ +1,...,kl

the encoder uses fi(k) to produce and transmit b; = fi(k)(x'ﬂré)
to the receiver. In the first

h= [%log|f|—‘ +s

time instants of the kth block, that is, while the index of the
coding scheme (f (k) g(k)) is communicated and the first s cor-
rect channel symbols are received, the decoder emits an arbi-
trary reproduction symbol #; = & with distortion at most
d = sup d(z,2) < 1.
reEX

In the remainder of the block, the decoder uses g(k)

the transmitted channel symbols as '
4 k i k
= 970" = ¥

where b

e = (bicssbicsg1,-. -,
¢¥) has finite memory s).

Now except for the distortion induced by communicating the
quantizer index and the first s correct code symbols at the be-
ginning of each block, the above scheme can easily be fit in the
sequential decision framework. We want to make a sequence
of decisions concerning the sequence {y;} defined by y, =
(T(k=1)14h+1,--->7r1) for b = 1,...,n/l. We consider any
(f,g) € F an expert whose predlctlon is

to decode

(bi-s)

b;) (recall that the decoder

~(f, £ ~(f,
I = @ o)
where
# = gilfi @), S ).

Thus, (f, g) incurs loss £(yx, y,(cf 9, where the loss £ : X'=" x
X'~ is defined by

w(l—h))and § = (&(1), ...,

<3 (i) +

where the second term comes from the fact that in each block
the distortion at each of the first A time instants is at most d.

Using the notation of Section I, we have N = |F|, T = n/I,
and B = [ — h.For any (f,g) € F and all integers 1 < k&’ <
kE < n/l, let

forany y = (z(1),...,

Then
Z X, &)

i=1

(18)

L([K', k], (.

-y ¥

j=k' i=(j—1)l+h+1

d(xi,iﬁf’g)). (19)

Choose n > 0 and 0 < « < 1, and define

AR Z

(f.9)eF

e—'qL([k’,k],(f,g)) .
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Let W; = 1,and fork = 2,...,n/l

)kfl

k
o L 1l—«
Wi = 7 Z(l — )" Wi Zi i + ( Z k.

Finally, using {Zx/ .} and {W}}, define the probability distri-
bution of (f*), (), according to Algorithm 1, as

P{mx =k}
% fork' =1
= a(l_a)k_k")vk/zk’_lc—l for k' = k .
[F Wi o fork =2
and
PL(I®.6™) = (o)l = K]
ST ok =1, k- 1
_ Zyt -1 @
+ for sk = .

From Theorem 1 we obtain the following performance bound
for the above scheme.

Theorem 3: Let F C F? be a finite class of delay-&
memory-s codes. Assume that m,n, [, M, and s are positive
integers such that h = [log |F|/log M| +s <l,n/l > m+1,
and / divides n, and let 0 < @ < 1, 1y > 0. Then the difference
of the normalized cumulative distortion of the constructed
randomized, delay-6 coding scheme and that of the idealized
scheme in (16) can be bounded for any sequence £ € X as

N
nn am(l _ a)n/l—m—l
m(l —1)

+ 3l + - .

(22)

Proof: The proof follows from applying Theorem 1 to the
transformed “prediction problem” described in (17)—(21). The
last term on the right-hand side of (22) is due to the fact that the
idealized scheme achieving D% . () can switch its base code
not only at the segment boundaries but also inside the segments.
Thus, the minimum loss of any algorithm that is restricted to
changes at the segment boundaries may exceed D% . ,, by at
most [ — 1 for each occasion the change in the optimal idealized

scheme occurs inside the segment. O

Remark: To optimize the bound in Theorem 3, first we
choose 7 optimally according to (6) as

B 8L | Fm+
T=\ @ =n)2 " \am@ — ay/i-m-1)°

Assuming m < n/l—1 and letting « = m/(n/l — 1), similarly
to the derivation of (8) in the proof of Theorem 1, we obtain that
the distortion redundancy can be bounded as

E [% Z d(xu i'l)‘| - D;—',m,n(x)
=1

chl10g|.7--| O /lﬂlogn|.7~'| +m(l—1) (23)
l n Im n
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where C and C5 are positive constants. From here it is easy
to see that the best possible rate for the normalized distortion
redundancy is achieved by setting | = ¢;(nlog® | F|/m)/? for
some positive constant cj, yielding

1 n
E |- d(z;,z;)| — D3
[TL ; (.CE /.Z’) f,m,n(m)

-0 <(%)_ (1og1/3 |+ \/@)) .

A straightforward implementation of the above general
coding scheme can be done via Algorithm 1, but this is efficient
only if F is quite small, which severely limits the best achiev-
able performance. If F is a large class of codes, Algorithm 1
provides an efficient implementation if the codes in F posses a
certain structure. In the remainder of the paper, we will show
this to be the case if F is a set of scalar quantizers, scalar mul-
tiple description, and multiresolution quantizers, respectively.

Tracking the best (traditional) scalar quantizer can be effi-
ciently implemented by combining Algorithm 1 with the ef-
ficient implementation of the exponentially weighted predic-
tion tailored to zero-delay quantization in [14]. To provide a
framework for efficient implementations that work for tradi-
tional, as well as multiresolution and multiple description scalar
quantization, we first present a general, efficient method for
tracking the minimum-weight path in an acyclic weighted di-
rected graph. We then demonstrate that this model provides a
unified approach for the above mentioned three fixed-rate scalar
quantization problems. The idea of posing optimal scalar quan-
tizer design in terms of dynamic programming or as a problem
of finding a minimum-weight path in an acyclic weighted di-
rected graph is well known; see, e.g., [26], [27]. For network
quantization, a similar approach is taken by Muresan and Effros
[28] who consider (offline) design of entropy-constrained mul-
tiple description and multiresolution scalar quantizers. How-
ever, instead of an offline design we consider an online problem,
and the differences in the details necessitate a detailed descrip-
tion of these models.

IV. MINIMUM-WEIGHT PATH IN A DIRECTED GRAPH

In this section, we consider the problem of tracking the min-
imum-weight path in an acyclic weighted directed graph. The
method presented here is a combination of the efficient im-
plementation (Algorithm 2) of the tracking algorithm of Herb-
ster and Warmuth [21], and the weight pushing algorithm of
[11]-[13] which enables efficient computation of the constants
{Zw 1}. The slightly different problem of tracking the min-
imum-weight path of a given length was considered in [29].

Consider an acyclic directed graph (V,€), where V and &
denote the set of vertices and edges, respectively. Given a fixed
pair of vertices s and u, let R denote the set of all directed
paths from s to u, and assume that R is not empty. We also
assume that for all z # u, z € V, there is an edge starting from
z. (Otherwise, vertex z is of no use in finding a path from s
to u, and all such vertices can be removed iteratively from the
graph at the beginning of the algorithm in O(|V|)+O(|€]) time.)
Finally, we assume that the vertices are labeled by the integers
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1,2,...,|V|suchthats = 1,u = |V|,and if 21 < 2, then there
is no edge from 29 to 21 (such an ordered labeling can be found
in O(]€]) time since the graph is acyclic). Attime ¢t = 1,2, .. .,
the predictor picks a path §; € R. The cost of this path is the sum
of the weights 6;(a) on the edges a of the path (the weights are
assumed to be nonnegative real numbers), which are revealed
for each a € £ only after the path has been chosen. To use our
previous definition for prediction in Section II, we may define
yr = {6+(a)}aece, and the loss function

g(ytvgt) = Z 5t(a)

a€yy

for each pair (y¢, ¢+ ). The cumulative loss at time 7 is given by
T
Lr= Zf(yt,Qt)-
t=1

Our goal is to perform as well as the best sequence of paths
in which paths are allowed to change m times during the time
interval t = 1,...,T. As in the prediction context, such a com-
bination is given by an m-partition P(T,m,t,e), where t =
(t1,...,tm)suchthatty =0 < t1 < -+ < bty < tiy1 =T,

1S

Now Algorithms 1 and 2 can be used to choose the path ¢, ran-
domly at each time instant ¢ = 1, ..., T, and the regret

Ly — min L(P(T,m,t,e))

t.e

can be bounded by Theorem 1. In this setup, with the aid of the
weight pushing algorithm [11]-[13], we can compute efficiently
a path based on the exponentially weighted prediction method
and the constants Zy ;, and thus prove the following theorem.

Theorem 4: For the minimum-weight path problem described
in this section, Algorithm 2 can be implemented in O(T?|€|)
time. Moreover, let N denote the number of different paths from
vertex s to vertex u, and assume that @ = 777 < 1, 6(a) <
B/(|V|—-1) forall t and edges a € £, and 1 is chosen according
to (6). Then, for any p € (0, 1), the regret of the algorithm can
be bounded from above, with probability at least 1 — p, as

Ly — Irtlin L(P(T,m,t,e))

B
< Tl/z—\/(m—f— 1)In N +mln
< NG

+m
. [T(i/p)

2
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The expected regret of the algorithm can be bounded as

EL; — rrtlin L(P(T, m,t,e))

§T1/2%\/(m+l)lnN—l—m1n + m.

Proof: The performance bound in the theorem follows
trivially from the optimized bound (7) in Theorem 1. All we
need to show is that the algorithm can be implemented in
O(T?|€|) time. To do this, we first revisit the weight pushing
algorithm [11]-[13] via a modification of the algorithm of [14]
for choosing a path ¢; randomly based on (yy, Y41, - - -, Yt—1)-
That is, based on the weights {6;(a)}ace,i € [t',t — 1], we
have to choose a path ¥; according to the probabilities

6—71 Zae'r‘ Ay yq(a)
Z e Zag/ Ay oy q(a)
rER

P{ge =1} = (24)

where Ay ;_1(a) = Zz;tl, bi(a), and compute

Ztl —— E e_ﬁ Za€r Ai’.t—l("’).

r€R

Using the constants 21 ;_1,...,Z¢—14—1 and Wy,... ., W;_4,
we can compute Wy, and perform the random choice of 7; via
Algorithm 2. In what follows we show how these steps can be
done efficiently.

For any z € V), let R, denote the set of paths from z to u
(we define R, = (), and let Gy +(z) denote the sum of the
exponential cumulative losses in the interval [¢',¢] of all paths
in R. Formally, if R, is empty then we define Gy 4(z) = 1,
otherwise

Gt’,t(z) _ Z e_ﬂZaErAt,'t(a). (25)

TER -

Then Zy, = Gy 4(s), and Gy 4(z) can be computed recur-
sivelyforz =u—1,u—2,...,s =1,as Gy 4(u) =1

Gua(z)= Y emlEDG, ,(2).  (26)

z:(z,2)€E

Note that since £ > z if (z,2) € &£, Gy 4(2) is already avail-
able when it is needed in the above formula. In the recursion,
each edge is taken into consideration exactly once. Therefore,
calculating Gy 4(z) for all z € V requires O(|€|) computa-
tions for any fixed 1 < ¢/ < ¢, provided the cumulative weights
At/,t(a) are known for all edges a € £. Now for a given ¢, as
t’ is decreased from ¢ to 1, if we store the cumulative weights
Ay 4(a) for each edge a, then only O(|€]) computations are
needed to update the cumulative weights at the edges for each
t'. Therefore, for a given ¢, calculating Gy 4(z) forall z € V
and 1 < ¢’ < t requires O(t|€|) computations.

The function Gy ;1 offers an efficient way of drawing g;
randomly for a given 7, = t': For any z € V \ {u}, let £, =
{2:(2,%2) € £} and
_ B () Grama(B)

pt’,t(é|z) Gt’ tfl(z)7 zZ € gz'
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For fixed z, py +(2|2) is a probability distribution on &, since

by (25)
Z Pt

Ze€.

)=1.

Denote the kth vertex along a path r € R by 2, for k =
0,1,...,|r|, where |r| is the length of the path (2, o = s and
Zp,|r| = w). Then

I7|
H P #(2k 0|21,
I7|

=1

1By (et mznn)) Ot =1 (Zhr)
. Gt’ t—1(2k—1 r)

—nzl 7l At/t 1 ((Zk=1,r2k,r) Gt’t 1( )
Gy -1(s)
=P{g: =1}

by (24) since Gy —1(u) = 1 and Gpu—i(s) =
Ser € e Avi() s, i can be drawn randomly
in a sequential manner: Starting from zy, 0 = s, in each
step k = 1,2,... choose z = zy, » randomly from &, , |
with probability py +(z|zy, k—1). The procedure stops when
2y, & = u. Thus, g can be computed in O(|V|) steps if 7z = ¢/
and the functions Ay ;1 and Gy ;1 are given, as any path

from s to r is of length at most |V| — 1.

It remains to show that 7, can be chosen efficiently.
As we have seen before, Gy :(z) can be computed in
O(t|€]) time for all z and 1 < ¢ < ¢; hence, finding
Zy -1 = Gy —1(s) requires O(t|€|) computations. Then,
given Wy fort’ = 1,...,t — 1, Wy can be computed by (10) in
O(t) steps, and so forall ¢ = 1,...,t — 1, the computational
time of Wy and Zy ;_1 is O(t|€]) + O(t) = O(¢|€]). There-
fore, 7, can be chosen randomly according to (13) in the same
computational time. Finally, as we have seen in the preceding
paragraph, given 7, = ¢’ and the function Gy ;—1, §; can be
computed in O(]V|) steps. Thus, the overall time complexity of
computing ¢, for a given ¢ (using values computed up to time
t—1)is O(t|€]) + O(|V]|) = O(¢|€)) (as |€] > |V| — 1). Thus,
Algorithm 2 can be performed in O(T?|€]) time. O

27

V. ONLINE SCALAR QUANTIZATION

In this section, we apply the results of Sections III and IV to
construct efficient zero-delay sequential source codes. Our goal
is to find efficiently implementable zero-delay coding schemes
that perform asymptotically as well as the best scalar quantiza-
tion scheme which is allowed to change the employed quantizer
a certain number of times.

We assume that the source and reproduction symbols belong
to the interval [0, 1]. Then a zero-delay scheme using encoder
randomization is given formally by the encoder—decoder func-
tions { f;, g: }52,, where

fi 20,1 x [0,1]" — {1,2,..., M}
and

gi:{1,2,...,M}' —[0,1]
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so that b; = f;(z',U") and ; = g;(b*), i = 1,2,.... Recall
that {U;} is the randomization sequence, and note that there is
no delay in the encoding and decoding process; i.e., 6 = 0 in
the terminology of Section III.

We also assume that the distortion is measured by some
bounded nondecreasing difference distortion measure of the
form

d(z,2) = p(|lz — 2]) (28)
where p :
condition

[0,1] — [0,1] is assumed to satisfy the Lipschitz

forall z, & € [0,1]

p(x) = p(2)] < ¢,lv — i, (29)

for some constant ¢, > 0. (For the squared error distortion
p(x) = z?, we have ¢, = 2.) The base set of reference codes we
use is the set of scalar quantizers. Formally, an M -level scalar
quantizer () is a measurable mapping R — C, where the code-
book C'is a finite subset of R with cardinality |C| = M. The
elements of C' are called the code points. The instantaneous dis-
tortion of @ for input z is p(|z — Q(x)|). A quantizer @ is called
a nearest neighbor quantizer if for all

Q) = al = min |z — .

As p is nondecreasing, it is immediate from the definition that
if @ is a nearest neighbor quantizer and Q has the same code-
book as Q, then p(|Q(z) — z|) < p(|Q(z) — z|) for all z. For
this reason, we only consider nearest neighbor quantizers. Also,
since we consider sequences with components in [0, 1], we can
assume without loss of generality that the domain of definition
of @ is [0, 1] and that all its code points are in [0, 1].

Let Q denote the collection of all M-level nearest neighbor
quantizers. For any sequence z", we want our scheme to per-
form asymptotically as well as the best coding scheme which
employs M-level scalar quantizers and is allowed to change
quantizers m times. Formally, a code in this class Q,,, », is given
by theintegers 1 < i1 < 42 < - -- < &, < n and M -level scalar
quantizers qo, . . ., gm € Q such that z; is encoded to ¢;(z;) if
1; <1 <4541, whereig = 0 and ¢y,1 = n. The minimum nor-
malized cumulative distortion achievable by such schemes is

omn(2"™)
1 m 141
= it o 2y 2 el = o))
7=0 i=1;+1

Note that to find the best scheme achieving this minimum one
has to know the entire sequence =™ in advance. Moreover, un-
like in (16), the minimum DY ,, ,,(z™) is indeed achievable by
realizable coding schemes since we now deal with the zero delay
case (however, the optimal scheme will in general be different
for each source sequence z").

The expected distortion redundancy of a scheme (with re-
spect to the class Q,, ;) is the quantity

1 n
sup (E [mem—m]— a,m,n<z">) 30
o i=1
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where the supremum is over all individual sequences of length
n with components in [0, 1] (recall that the expectation is taken
over the randomizing sequence).

We could immediately apply the coding scheme of Section III
if the set Q were finite. Since this is not the case, we approximate
Q with Qp, the set of all M -level nearest neighbor quantizers

whose code points all belong to the finite grid
CU) = (1/(2K),3/(2K), ..., (2K = 1)/2K)}. (D)

By the Lipschitz condition on p, for any ¢ € Q thereisa ¢’ €
Q such that

a lp(lz = a(@)]) = plz = ¢'(2)])] < ¢,/(2K).

(32)

In particular, for the squared error distortion the difference is at
most 1/K.

The next theorem shows that a slightly modified version of
the coding scheme of Section III applied to the base reference
class Q (which has delay 6 = 0 and decoder memory s = 0)
can perform as well as the best coding scheme that uses scalar
quantization and is allowed to change its quantizer m times for
n source samples. Moreover, the proposed scheme can be im-
plemented efficiently.

Theorem 5: Assume that m, n, [, K, M are positive integers
such that M < K, 1 > [log(X)/logM], n/l > m, and
divides n, and let 0 < a < 1, 7 > 0. Then there is a coding
scheme with zero delay and rate R = log M whose normalized
cumulative distortion can be bounded for any sequence z" €
[0,1]™ as

E [% > p(lzi - :f:,;|)] = DG (")

(1)

-1
+iln (1\[5{>m+1 +n_l+c_p+M
m a™(1 — aq)n/l=-m-1 8 K n

(33)
Moreover, the algorithm can be implemented with
O(MK?n?/1?) + O(K3n/l) + O(n)

computational complexity.

Remark: Assuming m < n/l —1,let « = m/(n/l — 1).
Then, choosing 7 optimally (based on (6)), similarly to (23) we
obtain that the distortion redundancy can be bounded as

E [%ZP(L’EL—ZM) an( ")

log K 1
SClcl)g LG Im., n ml

where C; and C5 are appropriate positive constants. From here
the best possible rate achievable is O((m/n)'/3log(n/m)),
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when | = ¢i(n/m)"/3 and K = cy(n/m)'/? (where ¢; and
co are arbitrary positive constants), which requires O(Mn?)
computations.

In a practical implementation it is desirable that the computa-
tional complexity per unit time remains a constant as the length
of the input sequence increases. In our case, such an imple-
mentation is possible if the total computational complexity is
linear in n. This may be achieved by setting | = ¢;n/® and
K = ¢on'/S. Then the computational complexity of the al-
gorithm is O(Mn). However, with this choice, the normalized
distortion redundancy deteriorates to O(m'/? log n/n'/%) (here
we require m = o(n'/3/1log® n) in order to ensure that the dis-
tortion redundancy converges to zero).

Proof of Theorem 5: Let g : [0,1] — C®%) be a
2K -level uniform quantizer in [0, 1] (that is, a nearest neighbor
quantizer with codebook C?%)), and let Z; = ¢» K (z;) be the
uniformly quantized version of z;. The algorithm of Section III
is modified so that when choosing the quantizer Q(*) from Qp,
the cumulative distortions in (19) are computed with respect to
the sequence {Z;} instead of {x;}. This “pre-quantization” step
is necessary to reduce the computational complexity of the al-
gorithm and only results in a slight increase of the distortion if
K is judiciously chosen. The latter claim can be seen as fol-
lows: Without loss of generality, we can assume that in each
quantizer (including g2 ) each decision threshold is quantized
to the smaller nearest code point (that is, the quantization cells
are right-closed intervals). Then g(z) = ¢(Z) for any quan-
tizer ¢ € Qg and x € [0,1], where T = ¢ax (). Therefore,
assuming the same realization of {U,,} is used, the output se-
quence z" is the same in the following two situations: 1) the
original algorithm of Section III is applied to the input z”; 2)
the modified version of the algorithm above is applied to the
input z". Moreover

|(x = q(2)) = (F = q())| = [ — 7| <1/(4K)
implying
p(lr = q(@)]) = p(|z = q(7)]) < ¢,/ (4K).

Thus, the difference of the normalized cumulative distortion of
the two algorithms can be bounded as

1 — 1 — cp
[E;Pm— Z; 1 [E;P <—K
(34)

Similarly, the difference of the minimum distortions achievable
by changing quantizers m times can be bounded as

B c

D*
| 4K

This implies that the normalized expected distortion redundancy
of our modified algorithm is no more than the redundancy of
the original algorithm applied to " plus ¢,/(2K). The latter



GYORGY et al.: TRACKING THE BEST QUANTIZER

redundancy can easily be bounded by Theorem 3 with |F| =
Qx| = (3;): & =1/2,and d = p(1/2) as

1< . s (om
= (|2 l’il)] oma(Z")
=1
<E 12”: (|7 —@)| = D (3") + ~L
= " £ PUT i Qx,m,n 2K
e m+1
p(1/2) [1 o K n 1 1 (M)
- 1 R 2\ M a™(1 — q)n/l=m=1
no,oep  mil—1)
+ 8 + 2K * n

where the first inequality follows from (32) via

1D, (") = (") < ¢p/ (2K).

*
Qk,m,n

Now (33) follows from (34) and (35).

Next we show that the algorithm can be implemented with the
claimed complexity by reducing the quantizer design algorithm
to the problem of finding online the minimum-weight path in a
weighted directed graph as discussed in Section IV. Consider
the directed graph with vertices

V=Cc® x{1,2 ... M}U(,0)U(1,M+1)
and edges

E={(zi-1),(27): 2

e z<sjef{l,...,M+1}}
such that at time instant k the weight of edge ((z,7 — 1), (2,4))
is 6x((z, 2)), given at the bottom of the page, for all j, where
I denotes the indicator function of the event B. With a slight
abuse of notation, let any path be described by the ordered se-
quence of its constituent vertices. Then it can be seen that for
any zgp = 0 < 23 < --- < 2y < zZy41 = 1, the cost of a
path (z9,0), (21,1),...,(2m+1, M + 1) at time instant k is the
same as the cumulative distortion in the kth block of a nearest
neighbor quantizer () with code points {z1, ..., z5s } (see Fig. 4
for an example). Moreover, any path from s = (0,0) to u =
(1, M + 1) is of the form (z9,0), (z1,1), ..., (zm41, M + 1).
Therefore, the random choice of a quantizer according to the
probabilities given in the algorithm of Section III (see (20) and
(21)) is equivalent to randomly choosing a path from vertex
s to vertex u as in Section IV. Thus, as |V| = MK + 2,
€] = (M —1)K(K —1)/2+ 2K, and T = n/I, applying the
algorithm described in Section IV, the random choice of Q(*)
for k = 1,...,n/l can be performed in O(M K?n?/1?) time,
provided the weights §;, are known.

1615

M+l

Fig. 4. An example of a scalar quantizer and the corresponding graph.

Now for each k, 05 can be computed efficiently as follows:
Let

a; =i &3 =25—-1)/2K,(k—1)l+1<i<kl},
i=1....,K, k=1,...,n/l
(Computing the ay, ; takes O(n) time.) Then the weight 6 (z, 2)

can be computed in O(K) steps for each pair (z, £) by running
through ay 1,ax,2,. .., ar k. Forexample, for 0 < 2 < 2 < 1

(z,2) = > argp(li—zD+ D axelli— 2.
2<j<EHE Hij<s
Thus, computing the weights in each block requires

O(K?) time, resulting in a total computational time of
O(MK?n2/I?) + O(K3n/l) + O(n). (Note that the use of
the finely quantized version " of the input sequence changed
the total computational cost of the weights from O(nK?) to
O(K3n/l). Although with certain choices of the parameters
the latter quantity may be larger, it can be made linear in n for
large enough [, while nK? always grows faster than linearly
when K — oo as n — o0, a condition necessary for asymptotic
optimality.) O

VI. ONLINE MULTIRESOLUTION AND MULTIPLE DESCRIPTION
SCALAR QUANTIZATION

In this section, we generalize the online quantization algo-
rithm to network quantization problems, such as multiresolu-
tion and multiple description quantization. Multiple description
coding (e.g., [30]-[32]) makes it possible to recover data at a
degraded but still acceptable quality if some parts of the trans-
mitted data are lost. In this coding scheme, several different de-
scriptions of the source are produced such that various levels of
reconstruction quality can be obtained from different subsets of

kl _ X

Zqﬁ:(k—l)l+1 I{@gé}ﬂ(m - 2)),

or((2,2) =
kl _

Zi:(k—l)l+1 Iz>-10(12; — 21),

ifz=0

DI Lo, 22y P = 2) + L gz apyp(1Ti — 2]), 1f0<z<2<1

2

if0<zand 2=1
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these descriptions. Multiresolution coding (e.g., [33]-[35]) is a
special case of multiple description coding in which the infor-
mation is progressively refined as more and more descriptions
are received.

To simplify the notation, we consider only two-description
systems, but the results can be generalized to several descrip-
tions in a straightforward manner. As before, we restrict our at-
tention to zero-delay coding schemes.

A fixed-rate zero-delay sequential two-description code of
rate (R, Ry) with R; = log M;,j = 1,2, is defined by an en-
coder—decoder pair connected via two discrete erasure channels
having input alphabets {1,2,...,M;}, j = 1,2. The output
alphabet of the jth channel is {0, 1,...,M;} where the char-
acter 0 corresponds to an erasure. The channels are assumed to
be memoryless and time invariant, but not necessarily indepen-
dent. Let r;, 7 = 1, 2, denote the (joint) probability that there is
no erasure on channel j, and erasure occurs on channel 3 — j,
and let 7y denote the probability that there is no erasure on ei-
ther channel. Thus, only description j is received with proba-
bility 7, j = 1, 2, and both descriptions are received with prob-
ability r9. As before, we assume that the encoder has access to
a randomization sequence Uy, Us, ... of independent random
variables distributed uniformly over the interval [0, 1], and the
input to the encoder is a sequence of real numbers z1, zs,. ..
taking values in the interval [0,1]. At each time instant i =
1,2,..., based on the observed input values z° and random-
ization sequence U®, the encoder produces channel symbols
b(] €{1,2,...,M;},j = 1,2, which are then transmitted over
the correspondlng channels The decoder receives the (possibly
erased) symbols b (@) , and outputs the reproduction z; based on
the channel symbols (bg , ..,bgl ,ng), R bz@) received so
far. Note that if an erasure occurs on channel j then BE] ) — 0,
otherwise I;E] ) = b,gj ),

The code is formally given by a sequence of encoder—decoder

functions { f;, g; }52,, where f; = (f,L-(l), fi(z)) with

FD 0,1 x [0,1) = {1,2,..., M;}, j=1,2
and

9i: {0717"'7M1}i X {0717"'7M2}i - [0/1]

so that b7 = f)(a%,U%),j = 1,2, and &; = g: (0,57,

i =1,2,..., where
p {135” =, 5 = b(?)} = 7o

P L =V 0 =0} =
{135” 0,52 = b,ﬁ”} = 1y

P {BE” =06 =0

Again, the distortion of the scheme is measured using a non-
decreasing difference distortion measure d(z, &) = p(|z — Z|),
defined in (28), satisfying the Lipschitz condition (29). Thus,
the normalized cumulative distortion of the sequential scheme
at time instant 7 is again given by

}:1—7“0—7“1—7“2.

n
W
n
=1
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The expected normalized cumulative distortion is

E [%Zpuxi —iﬂ)]

=1

where, in contrast to the single-description (scalar quantization)
case, the expectation is taken with respect to both the random-
izing sequence U™ and the channel randomness.

An (M, Ms)-level multiple description scalar quantizer is

given by two index mappings «; : [0,1] — {1,...,M,},j =
1, 2, decoder functions
Bl .M}y — (&, sy clo1], j=1.2

and

Bo:C— (&%) (i,5) eC} c[0.1]
where C = {(a1(z), a2(x)) : z € [0,1]}. In addition, one must
also specify a constant * to make the definition complete.

For each input z, the encoder assigns two index values a1 ()
and ay(z) which are transmitted over two different channels.
If the decoder receives both indices (descriptions), it outputs
q°(z) = Po(ar,as) = 3:(0)( ).s (x> if Only index a;(x) is re-

ay(z),an(x

ceived (j=1,2), the output is ¢¥) (x) = 3;(a;(z)) = (J)(T), if
both indices are lost, that is, no description is received, then the
output of the decoder is #*. Usually, ¢(*) and ¢(?) are referred to
as the first and the second side quantizer, respectively, while ¢©
is called the central quantizer. Let & denote the (random) repro-
duction of the multiple description quantizer ¢ when coding the
input value z, and let oj(z) = ij, j = 1,2. Then the average
distortion of ¢ is given by

dq(z) = Ep(lz — i’|)
=Top (|a: — :17Zl z2|> +rip (|x — A(1)|>

b rap (fe - 69

+ (1 —r9g—r1 —7r2)p(|z — z¥|) (36)

where the expectation is taken with respect to the channel ran-
domness. (For probabilistic stationary sources and the squared
error distortion, Z* is optimally chosen to be the expectation of
the source.)

The two-description code we defined can be viewed as spe-
cial joint source—channel code for the erasure channel. In this
sense, the basic system we described can be considered as a
special case of joint source—channel codes for individual source
sequences and stochastic channels considered by Matloub and
Weissman [17], who showed that coding schemes devised for
noiseless channels can be applied as source—channel codes if
the distortion measure is replaced by its expectation with re-
spect to the channel noise. Using this reduction method they
constructed a universal zero-delay joint source—channel coding
scheme for individual sequences and, based on [16], also con-
structed an efficient implementation for memoryless channels.
The definition of our modified distortion measure in (36) is sim-
ilar to the method of [17]. It can easily be seen that the approach
of [17] would suffice to extend the general tracking problem in
Section III to joint source—channel coding. However, our goal in
this section is to achieve stronger results in a more special setup;
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namely, we want to extend the tracking quantization scheme of
Section V to obtain efficient algorithms tailored to the special
structure of multiple description and multiresolution quantizers.

In contrast to traditional fixed-rate scalar quantization, the
structure of optimal multiple description scalar quantizers is not
well understood. In this direction, Vaishampayan [36] showed
that the cells of optimal two-description scalar quantizers are
unions of finitely many intervals. More precisely, he showed that
the intersection of the ith cell of the first side quantizer and the
jth cell of the second side quantizers (i.e., the set {z : a;(z) =
i, aa(x) = j}) is either an interval or the empty set. In general,
however, for an optimal quantizer the cells of the side quantizers
(the sets {z : aj(z) = i}, j = 1,2, = 1,..., M;) are not
necessarily intervals. An example demonstratmg this is given in
[37].

Since the optimal side quantizers can have a very com-
plex structure, finding these for a given source distribution
may be computationally hard for quantizers with moderate
or large rates. To avoid this problem, the restriction that the
side quantizers have interval cells has recently been introduced
in [28], [38]-[40]. These works use graph-theoretic and/or
dynamic programming frameworks to construct algorithms
with reasonable complexity to find optimal (entropy-coded or
fixed-rate) multiple description or multiresolution quantizers
(with interval cells) for a given discrete probabilistic source.
While the performance loss that results from the assumption
of interval cells has not yet been quantified, some heuristic
arguments exist [41] that indicate that this loss may not be
significant at high rates. In our online multiple description
quantization problem, we also make the assumption that the
cells of the side quantizers are intervals. Let OMD denote the
collection of all (M;, Mz)-level multiple description scalar
quantizers (a1, ag, Bo, b1, B2, &*) such that the side quantizers
have interval cells, and all reproduction points belong to their
respective cells.

In the special case of two-level multiresolution quantization,
one has rg + r1 = 1, that is, either the first description or
both descriptions are received. Accordingly, there is no need
to specify the reproduction points corresponding to the second
side quantizer or for the case when both descriptions are lost.
Hence, a multiresolution quantizer is defined by the quadruple
q = (a1, as, By, B1). For multiresolution quantizers we assume
that ¢(!), the first side quantizer, has interval cells, and ¢(?, re-
stricted to a cell of q(l), is a nearest neighbor quantizer. Thus,
a cell of q(2) is a union of M intervals, one subinterval from
each cell of ¢(V). Let QMF denote the set of all such quantizers.

As before, for any source sequence z™, we want to compete
with the best coding scheme which employs quantizers from
oMD (or QMR), and is allowed to change its quantizer m times.
The source sequence =" is unknown in advance, but we assume
that the erasure probabilities 7o, 71, and ry are known at the
encoder.
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A. Adaptive Multiple Description Scalar Quantization

Our aim is to generalize the algorithm of Section V to obtain
an adaptive online multiple description scalar quantization
scheme of moderate complexity in the individual sequence
setting. The class of codes QMD we want to compete with
is formally given by integers 1 < i; < < im < N
and (M7y, Ms)-level multiple description scalar quantizers
Qs qm € OMP such that z; is encoded by g, for
1; < 4 < ;41 where 99 = 0 and i,,41 = n. The min-
imum normalized cumulative distortion achievable by such
schemes is

1 m ljt1
* ny __
QMDJ,IJL(:E )=- min mlﬂp Z d (2:)
n 1< <. <zm<n qu
1= LJ+1

where d,(x;) was defined in (36). As before, one would have to
know the entire sequence in advance to find an optimal scheme
achieving this minimum.

There are two main problems to overcome in constructing an
efficient algorithm on the basis of the general coding scheme
in Section III. The first is to find an efficient finite covering of
OMD " and the second is to find an efficient implementation of
Algorithm 2. We first deal with the covering problem.

Let QMP c QMP denote the set of (My, Ma)-level mul-
tiple descrlption scalar quantizers such that the cells of the side
quantizers are right closed intervals with endpoints (called the
decision thresholds of the side quantizers) that belong to the set

CU) = (1K 2/K, ... (K- 1)/K}.  (37)
In addition, we also specify that each quantizer in Q)" has all
its reproduction points in CK), and that each reproduction point
belongs to its corresponding quantization cell (except for the
reproduction point for the case when both descriptions are lost).
The following lemma shows that if K is sufficiently large, Q3P
provides a fine covering of Q™P. The proof is relegated to the
Appendix.

Lemma 2: For any ¢ € QMP there is a ¢’ € Q)P such that
the maximum difference of the average distortions are bounded

as
6c,

sup (dg(z) —dy(z)) < =%
sy (0) () <

The lemma implies that for all z™
DZ}?’(”),m,n(wn) - Da“'l),m,n(a;n) <

For any ¢ € Q}P, the jth side quantizer is determined by
M;; reproduction points and M — 1 thresholds (note, however,
that the reproduction points and the thresholds are not neces-
sarily distinct); the central quantizer has at most M; M repro-
duction points, while its cells are determined by the side quan-
tizers. Therefore, the number of quantizers in Q%D is bounded
as shown in (39) at the bottom of the page where the last term
corresponds to the choice of the constant Z* in the definition
of q.

B¢ (38)

MD K K
v=12< () (o

) () (o) Cartan,)

(39)
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As the next theorem shows, the general coding scheme of
Section III applied to the base reference class Q%D provides an
efficient solution to the problem of tracking the best multiple de-
scription quantizer. The general scheme must be slightly mod-
ified, however, since at the beginning of each block, the index
of the randomly chosen quantizer is now transmitted over two
unreliable (erasure) channels. Therefore, we will repeat the de-
scription of the quantizer several times to ensure that the corre-
sponding index can be decoded with large enough probability.
(We use this repetition code for the sake of simplicity, and to
reduce encoding/decoding complexity. Alternatively, we could
employ an optimal channel code as was done in [17], but in the
theoretical analysis this would only improve the scheme’s per-
formance by a multiplicative constant term.)

We will use the first A time instants of each block (h will be
specified later) to transmit the quantizer index. In the remainder
of the block, for time instants t = kl + h+ 1,..., (k4 1)l, the
randomly chosen quantizer Q(*) is used to encode the source
symbols ;. While the index of Q(k’) is transmitted, the decoder
emits ; = 1/2. If the description of Q(*) can be reconstructed
at or before the time index ¢ = kl+h, Q(¥) is used to decode the
received channel symbols in the remainder of the block. Other-
wise, the decoder emits 1/2 in the entire block.

The distribution for the random choice of Q(*) is the same as
in Section III with the modification introduced in Theorem 5.
That is, when computing Q*), the source sequence z" is finely
quantized using a 2K -level uniform quantizer as Z; = gox (2;).
For any k' < k, let

k gl .
Zk’ = E e_ﬁ Zj:k’ Ei:(],1)1+h+1 dq(Z:)

QeQ¥P

(40)

where the distortion dq is defined in (36). Furthermore, let
Wi =1,andfork =2,...,n/l
k

(0% ’
Wiss = > (1= )W Zp i +
k'=2

k-1
Qﬁ%—zk
(4D
(recall that N = |Q}P|). Then, according to Algorithm 2, we
get (42) and (43) shown at the bottom of the page.
The performance and complexity of the above coding scheme
is analyzed in the next theorem.

Theorem 6: Assume that m, n, [, K, My, My, h are positive
integers such that 2M; — 1 < K, j = 1,2
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[ divides n, and h < [. Then forany 0 < a < 1, > 0, the
normalized cumulative distortion of the above coding scheme
can be bounded for any sequence z™ € [0, 1]™ as

1 - A * n
E [ﬁ > p(lzi - $i|)] = Doup 4, (2")
=1
- l n

1 |QR°[™H! nl?  ml  13c
—1 nom 2

tom n<am(1—a)n/l—m—1 Tt Tk
(45)

The algorithm can be implemented with O(M; My K5n? /1?) +
O(M1M>K%n/l) + O(n) computational complexity.

Remark: Optimizing the above bound with respect to 7 and
« as after Theorem 5, we obtain

E [%Zpuxi -m] ~ Dt (")

i=1
SC,1logKllogn +0210gK
Ilm n 13¢ ml
C34/ — log — Ly —
t0s n Oglm+ 2K + n

with suitable positive constants Cy, Co, and C'5. From here the
best possible rate achievable is O((m/n)3log(n/m)logn),
when | = c¢i(n/m)"/3 and K = cy(n/m)'/? (again, ¢; and
cy are positive constants), which requires O(M;Myn?®/m)
computations.

On the other hand, if we set [ = ¢;n7/%/m'/? and K =
con/® /m?/1%, then the computational complexity of the algo-
rithm is O (M7 Msn) and the normalized distortion redundancy
becomes O(m'/3\/logn/n'/?).

Proof of Theorem 6: The proof follows the lines of the
proof of Theorem 5. However, the algorithm is more compli-
cated, and in proving the performance bound we have to con-
sider the problem that the description of Q) may not be re-
ceived at the decoder.

Let e denote the probability that the index of Q*) cannot be

h = min [_ (MyMj + 2M + 2M — 1) log K decoded after receiving the first 4 symbols of the kth block (note
je{1,2} log M; that this probability is the same for each block as the channels
« log(n/ log M;) 41 (44) are memoryless, and Q*) and Q(*") can be decoded indepen-
log(1 —rg — 1) dently for k& # k’). Then the decoder emits #; = 1/2 in the
0‘(1—0‘)"7“VVL.’ZN,L»A g X
Pir = K} = Al , fork'=2,...,k 42)
' (=)' Zy 4y for k' =
T NW. ork’ =1
d
" -7 Zk:kll Zjl—( 1)l 4+h1 dQ(®i)
PIQW = Q=M= Zu. , fork’=1,....k~1 43)
for k' =k

N
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entire block, and the per letter distortion is bounded by p(1/2).
Hence

E lz p(lzi — §71|)]

n/l kl

=Y E| > s — @il
k=1 |i=(k—1)i+1
n/l kl

<SS LE] YD pllw— )
k=1 i=(k—1)l+1

Q™ can be decoded | + €elp(1/2)

=E [Z p(lz; — &) ‘ Q") can be decoded for all k]
i=1

+ enp(1/2). (46)

If Q(k ) can be decoded at the receiver for all k, then, similarly
to (34) and (35), it can be shown (using the fact that all interval
cells are closed from the right) that

1 n
—E i — &;]) | Q) can be decoded for all k
‘(n [Zpﬂx x|)‘Q can be decoded for a ]

i=1

_D*QIED ,ym,n (xn)>

1 n
|\ nE 7; — &) | Q) can be decoded for all k
(n Lz:;p(k” 7)) ‘ Q"™ can be decoded for a

_D*QggD,m,n(f"))‘ < ;—;( (47)
Also, since the same quantizer encodes x; and Z; into the same
channel symbols, if Q(’“) can be decoded for all k, then the
coding procedure is a special case of Theorem 3 with input 2"
(note that the explicit value of & is never used in the proof of
Theorem 3). Therefore

%E[X)Mm—im

=1

Q(k) can be decoded for all k]

. hp(1/2) 1 [QxP|Im
- p MD " < - 5 _1
oy ,m,n(x ) = l + nn n Ozm(l _ a)n/l—m—l
1 —h)? -1
Lol =k m 1) 48)
8l n
Combining (46)—(48) with (38) implies
E |23 s — )| = Do 0"
— Tr; — X, — / T
" 2 P QMD m.n
MD |m+1
Choll2) 1 O
l nn a™(1 — q)n/l=m=1
n(l—h)2  m(-1) 13¢,,
+e g T re/2)+ e (49)
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In order to complete the proof of (45) we need to
bound the error probability e. Since on channel j it takes
[log | Q3P |/log M;] symbols to transmit the index of a quan-

tizer, in h channel symbols the quantizer index can be repeated
hlog M;
log [Q%P|

probability that a symbol is not received is 1 — 19 — 75, the

probability that each symbol of the description of the quantizer

is received at least once is

J times. Since the channel is memoryless and the

log \Q%D|'|

[ItlogArIj ’V Tog 1
_ _ _ . log‘Ql\’ID‘
1—(1—=rog—rj) K
hlog M;

log |Q}P| L oMb J
— =8 1(1 - . og Q|
[ log M; (L=ro=r5) )

>1-

as (1 —x)¥ > 1 — kx forall z > 0 and k > 0. Now from (39)
it follows that

[1og | Q)P ] _ (MyMy + 2M; +2M5 — 1) log K
IOgMj - IOgMj
and
log M; log M ;
hog’J > hlog M; 1. (50)
10g|Q1\I§D| (MyMy+2M1+2Ms—1)log K

Now for the j* realizing the minimum in the defini-
tion of h given in (44), the right-hand side of (50) is
—log(n/log M,+)/log(1l — ro — 7;+) (note that this quantity
is positive since 1 — 79 — 7= < 1). Therefore, as € is no more
than the probability of not receiving the quantizer index on
channel j*

M1M2 + 2M1 + 2M2 — 1) 10gK
" .

eS(

Combining this with (49) proves (45).

Next we consider the implementation complexity. Although
somewhat more complicated than for traditional scalar quanti-
zation, it is still possible in the algorithm to reduce the random
choice of a multiple description quantizer to the problem of
finding a minimum-weight path in a directed graph. In a related
work, Muresan and Effros [28] showed that the problem of op-
timal entropy coded multiple description scalar quantizer design
can be reduced to the problem of finding a minimum-weight
path in an appropriately defined graph. In the following, we
modify this method to fit in our scheme of online design.

First, observe that the algorithm of Section IV for finding a
minimum-weight path in a directed graph can be extended triv-
ially to graphs with multiple edges (where each edge may have a
different weight). This follows from the fact that the probability
of choosing an edge from a given vertex depends only on the
relative weight of the paths that go through this edge from the
given vertex, and no other property of the edges is used. There-
fore, the algorithm works for such graphs in exactly the same
way, with no change in the redundancy and complexity (which,
however, depend on the increased number of the edges that in-
cludes the multiple edges).

Also note that it is possible to choose the constant z* of
the quantizer independently of the side and central quantizers.
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e

Fig. 5. A section of a multiple description scalar quantizer and the corresponding graph.

Choosing #* from C'®) corresponds to a graph with two ver-
tices, 0 and 1, with K edges from O to 1 such that edge ¢;, 7 =
1,..., K, corresponds to £* = (25 — 1)/(2K), and the weight

’

of e; at time k (that is, in the kth block) is

kl

2

i=(k—1)l+h+1

bk(ej) = p(|zi — (27 — 1)/ (2K))).

Next we choose the central and side quantizers. For sim-
plicity, we will refer to this triplet as a multiple description
quantizer (and thus exclude the constant z* from the problem).
Consider a graph with vertices labeled (z1, m1, 22, m32), where
zj € CE Y {0,1} and m; € {0,..., M;}, j = 1,2, such that
m; = M; if and only if z; = 1. The vertex (z1,m1, 22, M2)
corresponds to the situation that the left endpoint of the m;th
cell of the first side quantizer is z7 and the left endpoint of the
math cell of the second side quantizer is z2. Following an edge
from a vertex will correspond to adding a cell to the side quan-
tizer 5 whose mth cell lies more to the left (i.e., z; < z3_;).
Assume that z; < z (note that in this case we necessarily have
my < My). Then there is an edge from v = (21, m1, 22, m2) to
each vertex v’ = (21, m1 + 1,22, ma) such that z; < 2] < 1
ifm; < My —1,and 2{ = 1ifm; = My — 1. If 21 < 29,
then an edge corresponds to the case that the next cell of the
first side quantizer and that of the central quantizer is (z1, 2]
(except when z; = 0, in which case it is [z1, 21]). In the se-
quel, for simplicity, we do not consider z; = 0 or z; = 1;
the definitions can be extended to this situation in a straight-
forward manner. The corresponding reproduction point in each
quantizer can be any point of CE)y {0, 1} which lies between
z1 and 2. Therefore, we need K?(z} — 21)? edges, such that
edge (v,v");j, 1,7 € {1,...,K(2{ — #1)} corresponds to the

situation that the new reproduction point of the central quan-
tizer is z1 + 1/ K, and that of the first side quantizer is z; +j/K
(see Fig. 5). Consequently, the corresponding weights in the kth
block are the empirical distortions shown in (51) at the bottom
of the page.

If 2] > 29, then the corresponding cell of the central quantizer
is (21, 22, and the corresponding cell of the first side quantizer
is (21, #1]. Now the possible set of reproduction points for the
central partitionis {z14+1/K, 21+2/K, ..., z2} and for the first
side quantizer {z1 + 1/K, 21 + 2/ K, ..., 2} }. Therefore, there
are K?(2o — 21)(2} — 21) possible edges, and edge (v,v'); ;,
i1€{1,...,K(z2—21)},7 € {1,...,K(2]—21)}, corresponds
to central and side reproduction points z; +¢/K and 2z + j /K,
respectively, with corresponding weight given again by (51).
The formula can be modified straightforwardly for z; = 0 and
z1 =1. The edges and weights are similarly defined for z1 > 2.

If z; = 29, then adding a cell to any side quantizer will deter-
mine the cell of only that quantizer but not any cell of the central
quantizer. In this situation, we always choose to extend the first
side quantizer, so from v = (z,m1, z, ms) there are K (2’ — 2)
edges to v' = (2, m1 + 1,2, mq) for every 2’ > z, and the
weight of edge (v,v’);,i € {1,...,K(2' — z)} corresponds to

reproduction point z 4 i/ K and has weight
kl

>

j=(k=1)l4+h+1

Ok ((v,0)i) =11 Tecs,<enyp(7; — 2 — i/ KY).

It is not hard to see that there is a one-to-one correspon-
dence between paths from (0,0,0,0) to (1,M;,1, Ms) and
multiple description quantizers from Q}P (with the constant
2* yet undefined), such that the weight of a path is the same
as the distortion of the corresponding quantizer. Therefore,
finding a quantizer according to the probabilities in (42) and
(43) is equivalent to finding a path from vertex (0,0, 0,0) to

wons)= 3

t=(k—1)I+h+1

Iy <z, <20y <TOP(|='ft =21 —i/K|) +r1p(|T¢ — 21 — j/K|)>-

(D
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Subgraph for an Ms-level

nearest neighbor quantizer

Fig. 6. A section of a multiple description scalar quantizer and the corresponding graph.

vertex (1, My,1, M5), and the algorithm of Section IV can
be used to solve this problem. Since the number of edges
in the constructed graph is O(M;M>K?®), and the weight
of each edge can be computed in O(K) time (as in The-
orem 5), the required time complexity of the algorithm is
O(M;MyK5n?/12) + O(MyM>K%n /1) + O(n). O

B. Adaptive Multiresolution Scalar Quantization

Multiresolution quantization is a special case of multiple de-
scription quantization with g + r; = 1. However, recall that
for multiresolution quantizers we assume that the second side
quantizer ¢? restricted to a cell of ¢(*) is a nearest neighbor
quantizer. Although this assumption is not compatible with our
earlier assumption on the cell structure of multiple description
quantizers, it allows, through similar methods, a simpler graph
representation, and results in an algorithm with somewhat re-
duced complexity.

Similarly to the multiple description case, first we find a fine
covering of the allowed multiresolution quantizers: Let Q}F C
OMR (denote the set of multiresolution scalar quantizers such
that the cells of the first side quantizer (which is often referred
to as the base quantizer) and the cells of the second side quan-
tizer (the refinement quantizer) restricted to the cells of the base
quantizer are right closed intervals with endpoints from cE),
all the reproduction points are also from C5) and belong to
the corresponding interval cell.

Then, similarly to Lemma 2, it can be shown that for any
quantizer q € OMR thereisa ¢’ € Q%R such that

sup (dy () = dy(z)) < 3¢,/ K.
z€[0,1]

(52)

(see the footnote in the proof of Lemma 2).

This result allows us to compete with best code in QM by
applying the coding scheme of Section III to the finite set of
codes QR There are two differences compared to the general
multiple description case: i) Since there is no loss on the first
channel, it is enough to send the index of the chosen quantizer
Q™ only once in each block, requiring

- [ log|Qx™
o IOg M1

bg((Ml}(—l) <AI4(1> <Mf(M2m 9

time instants (recall that the second side quantizer restricted to
a cell of the base quantizer is assumed to be a nearest neighbor
quantizer). ii) The simpler structure of Q}® allows a smaller
graph representation. Indeed, the graph describing quantizers
from QT can be constructed as follows: Define vertices
(z,mq) for each z € CK) U {0,1} and my € {0,...,M;}.
The vertex (z,mq) corresponds to the case that the right
endpoint of the mth cell of ¢ is z (recall that the cells of
¢V are intervals). Now vertices (21, m1) and (z2,m1 + 1) are
connected via the following subgraph. The first vertex of the
subgraph is (21, 22, m1 ), and there are K (2 — 21) edges going
from (z1,m1) to (21, 22, m1), each corresponding to a different
possible code point of the cell from the set (z1,22] N CK)
with weight corresponding to the distortion of this cell in the
kth block (if 21 = 0, then there are K29 + 1 edges, where
the extra edge corresponds to the code point z; = 0, which
is a valid code point only in this case). Then (z1, z2,m1) and
(22, m1 + 1) are connected via a directed graph corresponding
to an Mo-level nearest neighbor quantizer from z; to zo as
in Theorem 5, but the weights of the edges are multiplied by
ro (see Fig. 6). The number of edges of such a subgraph is

< 1
- {long
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O(M3K?); hence the total number of edges of the constructed
graph is O(M; My K*).

Therefore, the complexity of the algorithm is slightly reduced
compared to the general multiple description case, as it requires
only O(My MsK*n?/1?) + O(M1 Mz K®°n /1) + O(n) compu-
tations. From here, similarly to Theorem 6, we obtain the fol-
lowing result.

Theorem 7: Assume that m, n, [, K, My, Ms, h are positive
integers such that M1 M> < K, [ divides n, and h < [, where
h is defined in (53). Then for any 0 < « < 1, > 0, the
normalized cumulative distortion of the above described coding
scheme can be bounded for any sequence z™ € [0,1]" as

n

E [% > p(lwi - iz’D] = Dgur (™)

=1

MR [m+1
_he/2) 1 O
l nn am (1l — aq)r/t=m=1
nl?>  ml  Tc,
+ 8 + n + 2K’

The algorithm can be implemented with
O(M; MyK*n?/1%) + O(n3/13) + O(M; My K5n /1) 4+ O(n)
computational complexity.

Remark: Optimizing the above bound as after Theorem 5, we

obtain
n

1 A~ * n
=1
log K lm n Tc ml
<C Coy/ —log — + L + —
= o n 8 lm+2K+ n

where C and 'y are suitable positive constants. From here the
best possible rate achievable is O((m/n)"/3log(n/m)), when
I =ci(n/m)'/3 and K = co(n/m)'/? (c; and ¢y are arbitrary
positive constants), which requires O(M; Mon8/3 /m?/3) com-
putations. On the other hand, if we set | = ¢;n%/%/m'/? and
K = cyn'/®/m'/*, then the computational complexity of the
algorithm is O(M; Man), and the normalized distortion redun-
dancy becomes O(m'/*\/Togn/n'/?).

VII. CONCLUSION

We presented a general scheme for limited-delay lossy coding
of individual sequences. For any finite class of limited-delay, fi-
nite-memory reference coders, our scheme performs asymptot-
ically as well as the best “tracking” scheme that can change its
coder a given number of times (each time choosing from the ref-
erence class) while encoding an input sequence of finite length.
In order to implement the method, we devised an efficient algo-
rithm for online prediction that tracks the best expert even when
the number of experts is exponentially large, provided the ex-
perts have a certain additive structure. The example of tracking
the minimum-weight path in an acyclic graph was worked out
in detail and used to construct efficient quantization schemes.
In particular, we have constructed low-complexity schemes for
tracking the best scalar quantizer, as well as the best multiple
description or multiresolution quantizer (among the ones with
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interval cells). For all these schemes, analyses of distortion re-
dundancy and computational complexity were provided.

The focus of this work was on implementable sequential
lossy coding schemes based on ideas rooted in the theory of
sequential prediction for individual sequences. While the con-
sidered combined (i.e., tracking) scalar (network) quantization
schemes form more powerful classes than the base class of
scalar (network) quantizers, these schemes are still less general
than one would desire in certain applications. For example,
efficiently implementable schemes for the class of coders
with finite-state encoders and sliding-window (or finite-state)
decoders would by desirable [2]. Also of interest would be
the construction of linear-time scalar (network) quantization
schemes with the same distortion redundancy rates as that of
the more complex schemes presented here.

APPENDIX A

Proof of Theorem 1: The proof of Theorem 1 is done
through a sequence of lemmas. First observe that, denoting by
E. the expectation taken with respect to U; only, the sequence

Vi = g(yhgt) - [Etg(ytvgt)
= Lye, 1) — E[(ys, 5)| U,

is a martingale difference with respect to Uy, Us, ..., Ur such
that with probability one

t=1,...,T

PR

_[E[K(yt;??t”Ut_l] <V < _[E[K(yt;??t”Ut_l] + B.

Thus, it suffices to bound the difference
T

Z Etg(ytv Z)t) - thn L(P(T/ m, t7 e))
t=1 ©
since

T T
> Vi=Lr =Y Eul(ysin)
t=1

t=1
and so by the Hoeffding—Azuma inequality [42] for sums of
martingale differences, with probability at least 1 — p

T1u(1/p)

T
Ly < Y By g2) + B\ —

t=1

T T
E [Z Etﬁ(yt,:&t)] =D _Ellye,in).

Lemma 3: The cumulative loss of Algorithm 1 satisfies
TnB?
8

and

o 1
> El(yr, i) < ——Inwf; +
t=1 N
forallz = 1,...,N.

Proof: The proof follows standard arguments, see, e.g.,
Cesa-Bianchi and Lugosi [43]. From the definition of W; we
have for all ¢

N s ,—nl(y .f(i)
Wiv1 In <Zi:1 wy e b )>
e+l N
Wi D1 Wy ;

— ln (Ete_"li(llf. ,f/t))

In
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Lye,9) — min L(P(T,m,t,e))

. T
te ! ! B\/E

IIMH

(m+1) lnN+m1n— +(T-m—-1)In

1
l—«

((m+ 1IN + (T = 1)(Dy(e* || @) + Hy(a*)))

=1In (e—UEf,[(yt,flt)Ete—n(((yt,@t)—EtZ(yt,@t)))

= —nEl(ys, 9¢) + In ([Ete_n([(yt’gi)_Ete(yt’@t)))

232
nE )+ T
Note that the expectations are taken with respect to the random
choice of ¢, that is, with respect to the randomizing variable
U, and the inequality holds by Hoeffding’s inequality [42] for
the moment generation function of bounded random variables.
Summing the above inequality for all ¢ = 1,...,7T, we obtain

IN

WT+1

Tn? B2
nZEfyt,yt 778 :

Since W1 = 1 and Wp4q > wi

In

'; for any i, we have

T
. Tn?B?
Inwr; < _WZ El(ye, 9¢) + 7]8
t=1
which implies the statement of the lemma. O
Lemma4: Foranyl <t <t <Tandanyi=1,..., N we

have
m
Wy > e—nL([t,t’],i)( !

1 _ t—t
w; @)

where L([t, ¢],7) = X*_, £(yr, 9).

Proof: The proof is a straightforward modification of the
one in [21]. From the definitions of w;”l and wy 1 (see (2) and
(3)) it is clear that for any 7 > 1

W,
Wiy = a ]\;H + (1 —a)w]; > (1 - a)e_”[(”“y*))w
Applying this equation iteratively for 7 = ¢,¢t + 1,...,¢ — 1,
and (2) for T = t/, we obtain
(y,r,37) —nt(y-,9)
wp'; > e ¢ H(l—a) ) wi;
T=t
= e BT (1 — o)t 3
which implies the statement of the lemma. O
Lemma 5: Foranyt > 1and 1 <1,5 < N, we have
wf—l—l,L > g
wy;, TN
Proof: By the definition of wy,, ; we have
N m
aWiiq « Wy ;
w.t8+17i_ N —Nzw;n,lz NJ.
=1
This completes the proof of the lemma. O

Proof of Theorem 1: Let P(T,m,t,e) be an arbitrary par-
tition. Then, by Lemma 3, the cumulative loss of Algorithm 1
can be bounded as

T

D Eil(ye,de) < ——hlw:rem +
t=1

TnB?
8

(AT)

(recall that e, denotes the expert used in the last segment of
the partition). Now w7’ ~ can be rewritten in the form of the
following telescoping product:

m m s m

wtl,eg wtﬂrl,ei wti-(-lyei

s | I m s :
Wiy +1,e0 i=1 Wiie; 1 Wii41,e;

Therefore, applying Lemmas 4 and 5, we have

m _ .5
Wre,, = Wiy+1,e0

a\m
W 2 Wit ()
X H( —nL((tstialied) (1 g)terr—ti —1)
i=0
N - (F)
Substituting this bound in (A1) proves (4) and (5), the first state-

ments of the theorem.
To prove the second part, let

Hy(p) =

_ ie—nL(P(T,m,t,e))(

—plnp— (1 —p)In(l - p)
and

P 1-
Dy(pllg) =pln=+(1—-p)ln .
(olla)=pn 2+ (1= p)m =~
Optimizing the value of 7 in (4) gives the equation shown at
the top of the page, where a* = ==+. For o = «a*, the bound
becomes the equation shown at the top of the following page,

where we used the fact that In(1 + ) < z forallz > —1. O

APPENDIX B

Proof of Lemma 2: In view of (32), the proof would be
simple if only nearest neighbor quantizers were allowed as side
quantizers. As this is not the case, a more involved construction
is needed. . 4 ' 4

Fori=1,2,let0 =15 <) <... <) _ <4§) =1
denote the decision thresholds of q(i), the ¢th side quantizer of
q (that is, the cells of q(i) are intervals with endpoints t]<-l_)1 and
t(z) , 7 =1,...,M;). We will construct a sequence of two-de-
scr1pt1on quantlzers qj,j = 0,..., K, such that all the thresh-

olds ¢ of the side quantizers q]( 2 that satisfy t < j/K are of
the form ¢t = k/K for some integer k, the corresponding cells
with right endpoints ¢ are right closed intervals, and ;4 and g;

differ only in the interval (j/K,(j + 1)/ K].
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1M
m

Lye, 9e) — ntlin L(P(T,m,t,e))
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< BT1/2
T V2

T —
\/(m-i-l)lnN-l—mln

m
+(T_m_1)1n<1+T——TTL—1>

1
+m

< Tl/Z%\/(m—l—l)lnN—l—mlnT_

m

Let go = ¢, which clearly satisfies that all thresholds ¢ < 0 are
of the form 0/ K. Assume that we have already constructed g
with the desired property for some j > 0. From ¢;, we construct
¢j+1 by modifying the thresholds of the side quantizers of ¢; in
the interval (j /K, (j+1)/K]. Therefore, forallz & (j/K, (j+
1)/K]

dg;r(x) = dg;(x) = 0. (B1)

Furthermore, if ¢; has no threshold in the interval (j/K, (j +
1)/ K], then let g; 11 = q; (so obviously dy, = dg,.,). If ¢;
has exactly one threshold in (j/K, (5 + 1)/K), then without
loss of generality we can assume that this threshold ¢ belongs to
the first side quantizer qj(-l). Let qief; and gyignt be 2-description
quantizers obtained from ¢; by replacing the threshold ¢ with
j/K and (j + 1)/ K, respectively (such that the new threshold
is quantized to a smaller code point; that is, the corresponding
cell is closed from the right), and g;41 will be the one with
smaller guaranteed worst case distortion. Let 051)7 cgl) denote
the code points of the side quantizer q](-l) corresponding to the
cells ending and beginning at ¢, respectively, and let c§0)7 c§°>
denote the corresponding code points of the central quantizer
qj@. Now clearly, if z < j/K or z > t, then ¢;(z) = qiest ().
For z € (j/K,t), we have

dger, (2) — dg; (2)
=0 (p(lx = 5”1 = ol = )
+ 71 (pllz = 1) = pllz = )

< 7o (p(Jt = 871) = p(lt = i) + 2¢,(t = j/ K) )
71 (1t = &§21) = plt = 7)) + 26, (t - j/K))
<o (o1t = ) = ot = f

D)

+r (p(|t — ) = p(lt — c<1>|)) +2¢,/K (B2

and similarly, forz < torz > (j + 1)/K, ¢;(z) = qrignt(x),
and forz € (¢,(j +1)/K)

g () = dy, ()
=70 (plle = 1) = ol = 57
71 (ple = ) = ol - 57)
(p |t—c§°>| p(lt = §”))

+ 71 (ot = V1) = oIt = 7)) + 26,/ K. (B3)

It is easy to see that for x = ¢, either ¢;(z) = qrese(z) (resp.,
4 (%) = Grigne(2)), or the bound (B2) (resp., (B3)) holds. Now
let ¢j+1 = quest if the bound (B2) is smaller than (B3), and let
dj+1 = Gright otherwise. Then, as the first two terms in (B2) and
(B3) are the negative of each other

d(Ij+1 (:I?) -

forallz € (j/K,(5+ 1)/K].

If one of the side quantizers of g; has at least one cell that is
contained in the interval (j /K, (j+1)/K], thenin g;41, all such
cells are merged and enlarged into the larger cell (j/K, (j +
1)/ K] with reproduction point (5 + 1/2) /K (consequently, the
neighboring cells may shrink). If the other side quantizer has
no threshold in (j/K, (j + 1)/ K], then no other modification
is necessary. If it has exactly one threshold, then similarly to
(B2) and (B3), that threshold can be moved either to j/K or to
(j + 1)/K. Finally, if the other side quantizer also has at least
two thresholds in the interval (j/K, (j + 1)/ K], then merging
all cells in this interval as for the other side quantizer results in
a quantizer ¢;41 for which (j/K, (j + 1)/K] is a cell of both
side quantizers, and consequently, it is also a cell of the central
quantizer. In all cases, the bound (B4) holds for the distortion
of gjy1.

The last case to be considered is when both side quantizers
have exactly one threshold in (j/K,(j + 1)/K]. Let t; < to
denote these thresholds. If £; = ¢, and there is no central parti-
tion cell {1}, then, similarly to (B2) and (B3), it can be shown
that replacing the common threshold of the side quantizers with
j/K or (j41)/K results in amaximum increase in distortion of
3c,/ K. Note that the factor 2 in (B4) is replaced with 3 because
here all three quantizers (both side quantizers and the central
quantizer) change.2 If ¢; < to, then similarly to (B4), it can be
shown that ¢; can be replaced with j/K or t5 at the price of
an increase of at most 2¢, /K in the pointwise distortion (such
that the new central quantizer has no one-point cell {¢5}). Then,
the threshold ¢, (which may be a single or a common threshold)
can be quantized into C¥) as before on the price of further in-
creasing the pointwise distortion by at most 3¢,/ K. Finally, if
t; = to and the central partition has a one-point cell {¢; }, then
similarly to the case t; < g, first we can replace this cell by the
empty cell or by (j/K, t5], and then proceed as in the previous
case. Based on the above, we have, forallz € (j/K, (j+1)/K]

dqj'+1 (:l?) -

2When proving the analogous covering result (52) for the multiresolution
case, the factor remains 2 since there are only two quantizers to be considered,
and t; = %, is the only possible subcase. In that case, this results in the slightly
better 3¢, /K final upper bound instead of 6¢, /K .

dy, (z) < 2¢,/K. (B4)

dg,(z) < 5¢, /K. (BS)
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From equations (B1), (B4), and (B5) we can see that for all
z € [0,1]

dyx (r) — dq@:) < 5CP/K'

Now let ¢ € O}P be a quantizer obtained from gx by re-
placing its code points by the corresponding closest points in
the set C'X) that also belong to the corresponding quantization
cells. Then

for all z € [0, 1], as desired. O
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