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1)L+EONP?RQ#L+6BL+3�ST>B2�6U3�VOEWK�2�.XS�6Y>BS�C+2�VO6Z2[1)L+.\3R2]J)/�EO^#_+?@L`L+abL+Ec_+4-40V
2]J+K�2�.-Ed2T>@6Z2�.-^0?ea]2�6Z.02�C�f#ghLU1+L).i3R2]JP/PEj^-_)?]F0L)^lkZm-CnVj?o3R2�JpL+a < ?B?ea]2�?e2T>�f

2x+ 6y + z = −6
2x+11y+ 11z = 14

4x+10y+ cz =−20
2x+ 9y +(c + 10)z= 6

qr9 ghLl>s_+6Z/Pa]a�m-Cn3R2�JpL+atL)Ej_+4-4-V�3�_l>@6eVvuwVO.�1P2�6Ya�ST>�f

A =





1 2 3
2 3 4

4 5 7





xy9{z
c

1)L+EONP?�Q#L+6BL)3RST>B2�6�3�VjEWK�2�.|S�6Y>eS�C+2�Vj6Y2
L�}I3R2�6Z~PEO2]J)2�?�L

3x+ cy +4z = 7
2]J+K�2�.0EO2T>@�p?B�OCUL

12x− cy +16z = 5
2]J)KP2�.-Ed2T>@�R?B�jC
6eL0�

4�}73R2T>@?ea�VrL
3x + cy + 4z = 7

2]J+K�2�.-Ed2T>@�w?B�OC|L
12x − cy + 16z = 5

2]J)KP2�.-Ed2]>B�w?B�jC+/)>��
� 9Pz

c
1)L+EONP?�Q-L)6eL)3RST>B2�6�3�VjEWK�2�.�S�6Y>eS�C+2�Vj6Y27Ed2�?ea�L(a�L)Ej_+4-4-V�3n_l>@6eVvut6BL).�J�keL�L=EO2�H�2]>e~�EO2]JPC
Vj?e2�404��









3 6 −3 1

6 18 −3 −4
3 6 3c c2

0 2 c2 2c









�r9{z
100 × 100 � L)? A

3�_(>B6eVWun�!~�_(>@EdN+ke_+4#L+.wS�?=L[��'P' � L+^-VOC|?e/P6B_+4#L+.i3�VO.-^�2�.-H0/PEI� � 2�?;_)EOE�F-L+a
< ?B?ea]2�?7> < 4-40V��G�)�P'��t^#L+6BL+4�}�2�Ed2�3�2�'�,�ghLl>s_)6Y/Pa]a�m-Cn3�2]JpL+a

A100
3n_l>@6eVvu�/+>�f

�y9#z
101× 101 � 2�? A

3�_(>@6ZVWu04-L).nL+a
i � 2�^0VjCR?e/P6�S�?�L

j � 2�^0VjCp/P?ea�EO/PQnC+2�6Z2�?eaT>B2]a�~�^�S�?eS�4�2�.�_)EOEdN
2�Ed2�3

aij =

{

32004 � .�2�C|L
(2i + j) � 2�^-VOC�?ea�_+3�kY2]J)KP2PFtH#L

i · j
Q-_)6Z/P?]F

'0F H-L
i · j

Q#_+6BLl>@EcL+.r,
ghLl>s_+6Z/Pa]a�m-Cn3R2�J

A
^02T>B2�6e3�Vj.-_).0?@_(>]f

� 9�� 2]J+K�2�.�2�C
v1, v2, . . . , vk, u

L
V

��>e2]>B?ea�~PEd2�J)2�?�}�1P2�C�>e/�6Y>eS�6h1P2�C�>B/P6BL)VG,���2]J)K�A0C|�!2�E�F�H0/)J)K�L

v1, v2, . . . , vk

1P2�C�>B/P6Z/�CREOVO.02�_)6ZVj?@L+.���A�JPJ)2T>@EO2�.�2�C�F�^�2tL
v1 + u, v2 + u, . . . , vk + u

1�2�C�>B/P6Z/PC
EOVj.�2�_)6eVO?@L+. < ?B?ea]2T��A0J)J)~�C�,#�7Vda]/�.�K��W>@?Bm0Cn4�2PF#H0/)J)K|2�C
C)/P6

u ∈ 〈v1, v2, . . . , vk〉
,

�y9�� 2]J)KP2�.
A

2]J)K�>B2T>@?ea]~�Ed2]JP2�?
m × n � 2�?U3�_l>@6eVvu�F

B
Q�2�^0VOJ�2�J+KX/PEWK
L+.

n × n � 2�? 3�_(>@6ZVWu�F
L+3R2�EWK�6Z2

det B = 0
,���VOa]/P.�K��d>B?Bm-C�4�2PF#H�/PJ+K

r(AB) < n
,
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8�9 ghLl>s_)6Y/Pa]a�m-C 3R2]JiL(a�L+Ec_+4-40V 3�_l>@6eVvu ?@L�ke_(>BS�6Y>eS�C+2�Vd> S�? LwEd2�JP.#L(J+K�/P4-4 ?@Llke_l>BS�6Y>BS�C
H�2�apC)2 �
6Z2�?B?BA0.-Cn2]J+K[?@L�ke_(>Z1�2�C�>B/P6Y>�f





3 1 4

0 5 0
6 1 8





qr9�� 2�J+KP2�.�2�C
u

S�?
v

L(a
A : V 7→ V

EjVO.02�_+6eVO?o>@6BL+.-?eaT�!/P6e3�_��]VdN�C
A-E < .
4 < a]~|?@L�ke_(>BS�6Y>eS�C+2�C
H02]a
>sL+6Y>B/)a]N�?@Llke_l>e1P2�C�>e/�6BL+VG,��im�>@L)?B?Bm0C|3R2]J#F�H0/)J)K|2�C
C+/P6

u + v
.02�3 ?@L�ke_(>e1P2�C�>B/P6BL

A � .-L)C�f
xy9�� S]J)2�a]a�A-C�2�E�L(a L+Ec_+4-40Vr35��1�2�Ed2]>e2]>�S�?;L+a�2�6Y2�^03RS�.�K
>;L+^(kZm0C|3R2]JRL+EOJ)2�4-6BL+V�L+EcL+C
4#L+.rf

3

√

1 + 3i

3 − i
� 9�� EO^(kZm0Cn3R2]J�L(a L+Ec_+4-40V�2]J)KP2�.-Ed2T>B2T>=LUC)/P3�Q-Ed2Tu|?ea�_+3�/PC�H#L+Ej3�L(a�_).�f

5
(

z2 + (z)2
)

= z(12 − 6i)

�r9	� J)K �
� � H#L+EjEdJ�Ll>BN��o2�Q�>@m-. � C+N�^(keL[2]J)Kb/�EWK�L).�F�
[C(L+6BL)C�>e2�6Z4�~PE�_+EjEdNw?e/P6Z/Pa�Ll>�FrL+3R2�EWK�.02�C
3�VO.-^02�.|>sL(J�keLpL(a L+.0J)/�E�_+4�S��]S &�
54�2T>@�lkYS�.�2�Cn2]J)K�VOC+2�F
1)L(J)KwL

0, 1, . . . , 9
?ea�_+3�kY2]J+K�2�C51)L+EjL �

3R2�EdK�VOC+2�,0gh_+.�Kw/PEdK�L).��o2�Q�>@m-. � C+N�^bC+S�?ea��W>@H�2]>e~#F0L)3R2�EdK�.�2�C�Ed2]J�L+Ej_)404iL+a�2�J+K�VOC�>sL(J�keLp4�2T>@���
�y9 gh_+.�K
�!S�EO2�C+S�Q0Q�2�.|1+_)EjL)?eaT>@H-L(>eN�C�3R2�JpL+a

x1, x2, . . . x100

Q�/Pa�VW>@�d1n2]JPS�?ea]2�C��0J+K�F0H0/)J)K

x1 + x2 + . . . + x100 = 2004

>B2�E kY2�?BA-E k < .��b����S]>�1)_+EcL+?eaT>s_)?Z>�>B2�H#_l> C
A-E < .
4 < a]~�.�2�C >B2�C
Vj.�>@A0.-C L+C
C)/P6tVO?]F H-L��]?@L+C`L[>sL+J)/PC
?e/P6e6Z2�.-^lkYS�4�2�.wC
A0E < .
4 < a�.02�C�, }
� 9�z

G
JP6B_l� �]?����]?BH#L+Ej3�L(a�L Ed2�J+KP2�. L

V = {1, 2, . . . , 100}
H#L+Ej3�L(aP, z a

x, y ∈ V
F

x 6= y
�]?����]?e/�ClL(>�L)C
C+/�6hC < ?B?BA-C < ?B?ea]2 S�EjEd2�E�F

H-L L(a L+Ec_+4-40V�C)ST> �!2�EW>BST>B2�E#C < a�A0E�EO2]J�L)Ej_)404�L+a
2]J+K�VjCR>B2�E kY2�?BA0E��

�Y��}
x

S�?
y

C < a�A0E�3�VO.-^0C)2T>e>e~pQ#_+6Z/P?]�
� &)}

x+y
* � J+K�2�E�/P?ea]>Z1)L�� 3�L+6BL+^0S�C)/+> L)^�,

:h< .�>@?BA0Cn2�EGF-H0/)J)KwL
G

J�6e_(� VOa]/P3�/P6Y� � 2�L
?@L�ke_(>hC)/P3�Q-Ed2�3�2�.�>B2�6ZST1P2�E�f

�y9�� �jC
4-L)6BL�kYa]/�EOH#Ll>BN � 2�L+a�L+Ec_+4-40V JP6B_l��� ghL
VOJ)2�.rF�6eLlkYa]/�E kZm-C�EO2wL ?B�OC
4#L���J)K�F H�/PJ+K L(a
S�EO2�V(2]J)KP2�.02�?�?ea�L)C(L+?ea]/�C�Ed2]J)KP2�.02�C��TH#Lo.02�3 F
L)C
C+/P6;40VOa]/P.�K��d>@?Bm0C�2]aT>h4�2Pf
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8�9;:=< .�>@?BA0CD2�EGFIH0/)J)KML
c

1)L+EONP?RQ#L+6BL+3�ST>B2�6U3�VOEWK�2�.XS�6Y>BS�C+2�VO6Z2[1)L+.\3R2]J)/�EO^#_+?@L`L+abL+Ec_+4-40V
2]J+K�2�.-Ed2T>@6Z2�.-^0?ea]2�6Z.02�C�f#ghLU1+L).i3R2]JP/PEj^-_)?]F0L)^lkZm-CnVj?o3R2�JpL+a < ?B?ea]2�?e2T>�f

−x + 3y − z − 3w = −2
2x − 6y + 5z + 12w = 7
3x − 9y + 5z + cw = 9

qr9 L�} z
c

1)L+EONP?;Q-L)6eL)3RST>B2�6�3�VjEWK�2�.|S�6Y>eS�C+2�Vj6Y2�EdST>B2]a�VOC�Vj.�1P2�6Za]2 L(a L+Ec_+4-40V
A

3�_(>@6ZVWu0.-L)C0�
4�}oghLl>s_)6Y/Pa]a�m-Cn3�2]J

A
VO.�1P2�6Ya�ST>hL

c = 5
S�6Y>eS�C
6Y2�f

A =

(

6 7
4 c

)

xy9 �oA-C
6 < a]a�A-C[L
P (8,−3, 3)

Q�/P.�>B/)>�L
7x − y + 2z = 11

2]J+K�2�.-Ed2T>@�[?B�OC
6BL5S�?;H-L(>@_)6Z/)a]a�m-C
3R2]JRLU>@A0C < 6eC+S�Q C+/
/P6e^-VO.#_l>s_+Vd>�f
� 9�z

c
1)L+EONP? Q#L+6BL)3RST>B2�6 3�VjEWK�2�.�S�6Y>eS�C+2�Vj6Y25Ed2�?eaRL(aRL+Ec_+4-40V 3�_(>@6ZVWu 6BL+.0J�keLwL[Ed2�H�2T>B~wEd2�JP.#L �

J+K�/P4-4��




2 3 4

3 4 5
4 5 c





�r9rz
100 × 100 � L)? A

3�_l>@6eVvui3R2�EjEdS�C(_(>BEON(ke_)4-L). � 1)L+J+K�VO?�L�kY/P4-4w�!2�Ej?e~�?@L+6eC+/)>�L�4-L)E L+Ej?eN�1+L)E
< ?B?ea]2�C < >B~ _l>@EONP4#L+.�} 3�Vj.0^02�.-H�/�E�� � 2�?5_)EOE�F�L+a < ?B?ea]2�? > < 4-40V�2�Ed2�3R2['�, ghL(>@_)6Z/)a]a�m-CX3R2]J L(a

A101
3�_l>@6eVvu�/)>]f

�y9-z a
n×n � 2�? A

3�_l>@6eVvu�3�Vj.0^02�.R2�EO2�3R2;2]J+K � � 3�L)E0/�?eaT>e1)L���3�L)6eL)^�S�C+/+>7L+^0N 2]JPS�?eah?ea�_)3 ,
��Vda�/P.�K��W>@?Bm-C�4�2PF#H0/)J)K

A
^�2T>B2�6e3�Vj.-_).0?@L /P?ea]>BH#Ll>BN

(3n−1) � .�2�E�f
� 9�� 2]J)KP2�.02�C

u
F
v

S�?
w

L
V

��>B2T>@?ea]~PEO2]J)2�?�}o1P2�C�>B/�6 >BS�6�EOVj.�2�_)6eVO?@L+.���A0J)JP2T>@Ed2�.�1�2�C�>B/P6BL+V�, z
p

1)L+EdN�?�Q#L+6BL+3RS]>e2�6I3�VOEdKP2�.US�6Y>BS�C+2�Vj6Z2�>B2�E kY2�?BA0E�F+H0/)J+KRL(a
a = u−v

F
b = u+w

F
c = u+v−w

F

d = p · u + v + w
1�2�C�>B/P6Z/PC|?ea�VO.�>BS�.wEjVO.02�_+6eVj?@L+.n��A�JPJ)2T>@EO2�.�2�C0�

�y9{� 2�J+KP2�.
M

2]J)K
100

/�?ea�Ed/�Q �n3�_l>@6eVvu�,��)2�E < E kY2
A

L(a
M

2�EO?e~��(' /P?ea�EO/PQ#_+4�N�E�_+EjEdN-F
B

Q�2�^0VOJ
L(a

M
m�>B/PEj?eN	�+' /�?ea�Ed/�Q-_)4�NPE _)EOEONU3�_(>B6eVWu�/+>�, � S]J�A0E�kY2�E < E kY2

X
L+a

M
C < a]S�Q-?e~ *�' /P?ea�Ed/PQ#_+4�NPE

_+EjEdNR3�_l>@6eVvu�/)>�,#��VOa]/P.�K��d>@?Bm0Cn4�2PF-H�/PJ+K

r(A) + r(B) ≥ r(M) + r(X).
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8�9 ghLl>s_+6Z/Pa]a�m-C�3R2�J`L
c

1)L+EONP?UQ-L)6eL)3RST>B2�6 S�6 >BS�C)ST>�F�H-Lb>@m-^lkZm-C�FIH0/)J+KDL(aiL)Ej_+4-4-V�3n_l>@6eVvu �
.-L)C ?@Llke_l>BS�6Y>BS�C+2 L

λ = 3
,�ghL(>@_)6Z/)a]a�m-C 3�2]J L > < 4-40V�?@Llke_l>BS�6Y>BS�C)2T>�VO?�S�?nL Ed2�JP.#L(J+K�/P4-4

?@L�ke_(>BS�6Y>eS�C
H�2]atC+2�6Y2�?B?BA0.-C�2]J)K[?@Llke_l>e1�2�C�>B/P6Y>�f
(

6 3
4 c

)

qr9
� 2]J+K�2�.
V

>B2T>@?ea]~PEO2]J)2�?]F 1PS�J)2�?y^-VO3�2�.�a�VdNP?�1�2�C�>B/P6Y>BS�6�S�?
A : V 7→ V

/PEWK
L+.tEOVj.�2�_+6eVO?r>@6BL+.-?ea �
�!/P6e3�_��]VdN#F�3�2�EWK�6Z2

ImA = V
,(��2]J+K�A-C��!2�EGFlH0/)J)KUL

V
1P2�C�>e/�6Y>eS�6Z4�2�EOV

v1, v2, . . . , vk

1�2�C�>B/P6Z/PC
EOVj.�2�_)6eVO?@L+.|��A0J)JP2T>@Ed2�.02�C�,���VOa]/P.�K��d>B?Bm-C�4�2PF�H0/)J+K[2�C
C)/P6=L(a

A(v1),A(v2), . . . ,A(vk)
1P2�C�>e/ �

6Z/PC|?ea�VO.�>BS�.wEjVO.02�_+6eVO?@L).|��A�JPJ)2T>@EO2�.�2�C�f
xy9 � EO^(kZm0C�3R2]J L(a�L+Ec_+4-40V�2]J)KP2�.-Ed2T>B2T> L=C+/P3�Q0EO2 u�?ea�_)3R/PC H#L+Ej3�L(a�_+.�S�?�L+a72�6Z2�^03�S�.�K
>�L+^(kZm0C
3R2]JRL+EOJ)2�4-6BL+V�L+EcL+C
4#L+.rf

2i · z3 = (1 + i)8

� 9 ��2T>@?ea]~PEO2]J)2�?
z

C+/�3�Q-Ed2 uD?ea�_+3�6eL�kY2�E < E kY2
z∗

L(a]>�L C+/�3�Q0EO2 uD?ea�_+3R/)>�FIL+3�Vd>RL C+/P3�Q0EO2 u
?ea�_+3�?B�OC+/�.

z
/�6ZVOJ)N
C < 6ZA-EOV�F

+60◦ � /�?`��1)L(J)K�VO?[L(a NP6BL+35m�>@L(>BNike_)6B_+?@_�1)L+Eh2�EOEO2�.�>BST>B2�?�Vj6e_).�K �

60◦ � /P?�} 2�Ed�!/P6ZJ�L(>@_)?@_�1+L)E�C(L+Q-m0.-C�, � EO^(kZm0CX3R2�J L C+/�3�Q-Ed2 uD?ea�_+3�/PC H#L+Ej3�L(a�_+. L
z2 = z∗

2]J+K�2�.-Ed2T>B2T>�S�?hL(at2�6Z2�^-3RS�.�K
>;L)^lkZm-Cn3�2]JpL)EdJP2�406BL)VrL)EjL)C
4-L).�f
�r9 � J+K\� �!~P?5>s_)6Z?@L)?@_(J
L 3�/)a�Vj4-L).D2]J)K ?e/P6e4-L). A0EhEd2P,�gh_+.�K
�!S�EO2�C+S�Q-Q�2�.\A-EOH02T>@.�2�C
EO2PF�H#L
L ?e/�6Z4#L+. �`?ea]S�C 1)L). �GL+3�2�EWK�2�C�C < a�A-E �wA-6Z2�?e2�.\3�L+6BL)^�}e� ��� ST>p2�?e2T>B2T>�L+C
C)/P6U>B2�C
VO.�>@A-.0C
C
A0E < .
4 < a]~P.02�C�F-H#LU1+L).w/PEdK�L).[2�3U4�2�6TF0L)C
V�3n_+?BVOCn?ea]S�C)2�.[A0E�, }
�y9 ��' ^#L+6BL+4�� 4�2]>B�-4�~�E=S�?[&+'�^#L+6BL)4�� 4�2T>@�04�~PE�H#_+.�KM/�EWK
L+. 4�2T>@�-?e/P6Z/)a�Ll>|C)S�?ea��d>BH02T>B~-F
L+3R2�EWK�4�2�.[.-VO.��]?oC)ST>h?ea�/P3�?ea]S�^�/�?�� 4�2T>@���
� 9�� J)Kp�G_+4#L+.�3�Vj.0^02�.RQ�/�.�>7�!/PC(Lp�)F0& 1)L(J)K �0,�gh_+.�K �h�!/�C ��Q�/P.�>�1)L+.rF�H-L L ���!/PC �nQ�/P.�>B/PC
?ea�_+3nLn��')'��
�y9�z

G
JP6B_l���]?����]?BH#L+EO3nL(a�L Ed2]J)KP2�.DL

V = {1, 2, . . . , 8}
H#L+Ej3�L(a�, z a

x, y ∈ V
F
x 6= y

�]?����]?e/PC(Ll>UL)C
C+/�6 C < ?B?BA0C < ?B?ea]2nS�EOEO2�EGF�H#L
|x − y| ≤ 3

, � �jC
4-L)6BL�kYa]/�EOH#Ll>BN � 2|L
G

JP6B_(�s�ighL
VdJP2�.�F�6BL�kYa]/�E kZm-C�Ed2tL ?B�jC
4-L �0J+K�F�H�/PJ+KwL(a S�Ed2�V 2]J+K�2�.�2�?�?ea�L+C(L+?ea�/PCREd2�J+KP2�.�2�C���H-LU.02�3 F�L)C
C+/�6
40VOa]/P.�K��d>@?Bm0C�2]aT>;4�2�f


