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A UWVYX SZT B []\_^a`b\_c�dfeZ^�\_ghgZi'dj`6iZkmlonqprg�s�[ri S'TutwvZxZtGymz|{E}�~W���b�o}Q}���vZ�]����� [m\�^aUG�� X�c��ag�i'^ T \_k f : A → B ��� SZSZ� U�k T s�`6X�^ T X�^|X�`6X��ag�gZ�'c�� ��� gZ�'^a��V��'kr�'V�X�k/X SZT U�d � X�^|`��`6X S ��X�^aX�^ � X � U�V � ^|U � XWV�� ���]� X�^a�Z^aU�V�XZ� |A| = |B|
�� ghg'iZd�`6iZkmlonqprg�s=[ri SZT \_c A []\_^a`b\_c�V�c��Z`�i(V�Vf� S \ zat�v(��za�Z�W�����W�Z�_ ��o� `��ak � \ B[]\Z^|`b\_c�U¢¡£nqX�^|�'^|UWV�X |A| ≥ |B| ¤¥[]\ � \_k A �wk]\ZgjiZ^ T \ZkYdfU�V�c�[m\_^a`6\Zc�\]s¦`�X�^ T B � � X�^_X S'T X�kr^|§V�c��_`6i(V�Vf� S'¨ �© X�^ª� � []\ � eN¡ � U S � X�^aX�kNV�cW�_`6i'VfV�� S i'g�X�V�X � U�kNkrX�` � d�� � �a�Z^|�ªVQ¤¦s([ri S'T [m\ |A| ≥ |B| U�V

|A| ≤ |B| s=\ZghgZiZd |A| = |B|
� X�^ nqXWV��]^ ��« \ � X�[]� � B X�^aX�`6X��a[rX�cbX SZT f1 ��� SZS'� U�k T Agh�r^a�Zkh¬m�'c�§X�^|X�`6X�� � dfX�k]lrX�^a�8¡ � X�[m� � |B| ≤ |A| ¤jU�V A X�^|X�`6X��a[rX�c�X SZT f2 ��� S'SZ� U�k T Bgh�r^a�Zkh¬m�'c�§6X�^aX�`6X�� � dfX�k]lrX�^a��¡ � X�[]� � |A| ≤ |B| ¤¦s�\_ghgZi'd,^aU � X�c��|gNiZ^ T \_k f3 ��� SZSZ� U�k T �ªV�s`6X�^ T A UWV B X�^|X�`6X��®gZ�'c�� ��� gZ�'^a��V��'kr�'V�X�kX SZT U�d � X�^a`��N`6X S ��X�^|X�^ � X � U�V � ^|U � X�V�� ���� ghg'iZd�`6iZk]lonqp]g�sm[ri S'T \_c A [m\_^a`6\Zc�V�cW�_`6i'VfV�� S \ y���vZxZ�Z�W�G� `��ak � \ B []\_^a`b\_c�U¡£nqX�^|�'^|UWV�X |A| > |B| ¤Gs][]\ |A| ≥ |B| U�V |A| 6= |B| X S'T \Zdf�Zk �,� X�^ nqXWV��r^ �R�S'T

A []\Z^|`b\ZcE¯�° v'tG}�±�}�~��_�6��}Q}G��v_�o²o� []\ � \_k³i'^ T \_k � U S X�V k V�c��_`Ks¥[]i SZT A U�V\_c {1, 2, . . . , k} []\Z^|`b\Zc�iZg´X SZT X�kr^a§µV�cW�_`6i'VfVf� SZ¨ \_g ��¶ ^ T X�krg'iZdE\_c � �ad�[]\ � nqprg�s8[ri S'T
|A| = k

� R�S'T []\_^a`b\_c6¯�° vZ·¸tGz|t�yµ±�}�~W���b�o}Q}���vZ�o²o� []\6k]X�` � U S X�V�V�cW�_`6i'VfVf� SZ¨ �
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R�S'T []\_^a`b\_c �6twv_}�~��_��za��z À]��·¸Á��_y ¯�° vZ·¸tGz|t�yu}�~W���b�o}Q}���vZ� ¡ � \ SZT df� � �alrX�k �btwv�}�~W����z|�_zÃÂÀr�_·wÁ ¤¦sm[]\b\ � X�d�`6U�V�c�X � XWV
V�cW�_`6iZg N = {1, 2, . . .} [m\_^a`6\Zc�� � \_^�X SZT X�kr^a§6V�c��Z`6i'VfV�� SZ¨ �R c�\���X�k � �|X�gNV�c�X�df�ak � U�ÄrÄÅ\_c � nqX�^|X�k � �Æs][ri S'T \_c�X�^aX�`6X��"V�i'd�¬]\Zd�X�k]l1X�c�[rX � §hX�g�s([r�aV�c�X�kÅ\V�iZdf¬]\_dfX�k]lrX�c�UWVÇU�ÄrÄ�X�kKX S'T gZ�Z^ª��V��Zk]�'V�X�kX SZT U�d � X�^a`��N`�X S ��X�^|X�^ � X � UWV � nqX�^|X�k � \�[]\Z^|`b\ZcX�^aX�`6X��¥U�V N X�^aX�`6X��®g'�Zc�� ��� ¡È`��ak]l1X�kKX�^aX�`6[rX�c�\�ÉqV�i'dfV�c��Z`b� �qÊ dfX�kml1X�^ nq�rgr¤ �� krX�`�k]X S \ � � � V�c��Z`�i'g H = {0, 1, . . .} []\Z^|`b\Zc�\EÄmU�^al]�_pr^,`�X S V�c��Z`�^ª�_^a[]\ � e³¡È\
|H | = | N | ¬mX�^a� � �'V��Z[riZc�[]\'V�c�k]�_^ nqprgÅ\_c f(n) = n + 1 ��� S'SZ� U�k T � s � \ SZT �aVj^|X SZT X�k�Ë\_c�X�^aV�§6X�^aX�`Ks¥Ì�\�`6�'V�i1l1�agX�^|X�`ÍV � ¬ � ¤ �Î �ak � X�c,\YÄmU�^alr\j�aV�`�p � \ � n�\rs�\ � U S � X�^|X�k�[]\_^a`b\_c�iZg�gZ�'d�U�¬mX�k�^|X�[rX � V�U S X�V�sW[ri S'T X SZT[]\Z^|`b\_c
UWV�\_k]k]\_g�X SZT�� \Z^|e1l1�md�UWV�c�[]\_^a`b\_cW\jX SZT X�kr^a§�V�c��Z`6i'VfV�� SZ¨ ^aX S'T X�k � � Ä�U�^ªlr�_¬�eZ^�_^ � \Z^a�Z¬]\_kN�aV
��X�^a�aV�`6X�df[rX � nq�rgN\Zc�\Z^a�Z¬r¬r�¥�Z^|^a� � �ZV � �Ï�Ð�ÑrÒÈÒÆÓ�Ô�Ñ]ÕZÖ"× �
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Àr�_zÃ�b��~ ¯�° v'tG}Q�
�W���'�� 
A ∪ B
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�¢Ù|~��_y]x�� ·¸�o}�� « \ A `�X S V�c��Z`�^ª�_^a[]\ � e]s,\_ghgZi'dX�^aX�`6X���V�iZdf¬]\_dfX�kml1X�c�[rX � §(X�g�� A =
{a1, a2, . . .}

��� X SZT X�k |B| = k s¢^aX S'T X�krX�g B X�^|X�`�X�� b1, b2, . . . , bk
� R ghgZi'd b1, b2,

. . . , bk, a1, a2, . . . ¡ � \ SZT �ªV�\ZcE\���X�^ªV�i'd�i'^a�'V�s"`�X�^ T krX�g i �w�ag+X�^|X�`6X bi s%[]\ i ≤ k s%�a^|^ �
i ���agX�^|X�`�X ai−k sr[m\ i > k ¤8U�ÄrÄ A ∪ B X�^|X�`6X�� � \Zlon�\�`6X S � �R c � d�� � �ªl1X�k ¨rS'T `6i'k]lonqprg�s=[]i SZT `6X S V�c��Z`6^a�Z^|[]\ � eKÄr^ap]V�c � U S X�V�X SZT X�kr^a§K`6X S �V�c��_`6^ª�_^a[]\ � e � � [r[ri'cZs][]i SZT ÄrdfX��G�ac
nqX�^|X�k � U�V�X�^aX SZT X�kÅg'U � V�c��Z`�i(V�Vf� S �(V�V�c�X S U�k]X�g�s1¬mXgZX�^|^®^ª� � kr�=\�gZ� � X � gZX�c�§ � �
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A, B

Àr��z �6�W~��W�µtwvZxZt¦}
� · ° } ° y�tQ� s
}�~W���b�o}Q}���v(���G}����

A° } B
}�~W���b�o}Q}���v(��·¸Á�z���Zv�v_� ¯ ��vZx�Ùª}�À]� A ° } B

Àrt�zÃx °  �tb� ¯ t�z��'�Et�vZxZt�y]z|{�}�~W���b�o}Q}���vZ�
A′,

Ù z z|Ü
B′

À]��zÃ�b��~W�W�Z�_·�·¸t¦}Q}�~��'�/�Zv_xo�¢Àr�fv_x
A′ ° } B′

Ø�Ùª}�~ÈÚ¦Û1yh�_·w�W�o�����W�Z�_ NÛ1·¸ÁZ�W��ÙÈ���twv_xZtG}
� · ° } ° y�tf�E�b}�~W�_�6��}f}���v'��Ùª} s
zat¦}�~WÜ

�¢Ù|~��_y]x�� ·¸�o}�� « \ � \ZkÅiZ^ T \_k f1 ��� S'SZ� U�k T s1`6X�^ T A U�V A′ X�^|X�`�X��¥gZ�'c�� ��� s1UWV¢i'^ T \_k
f2 ��� S'SZ� U�k T sh`6X�^ T B UWV B′ X�^|X�`6X��¥g'�Zc�� ����� X�d�X�` � g'�Z^ª��V��Zkr�(V�X�kX S'T U�d � X�^|`��N`6X S ��XG�^aX�^ � X � U�V � sh\_ghgZi'd A∪B U�V A′ ∪B′ gZ�Zc�� ��� \_c�\_c f ��� S'SZ� U�k T � X�V�c���`�X S X�c � sh`6X�^ T krX�gl1X��]kr�ª�G�ae_n�\r�

f(x) =

{

f1(x), []\ x ∈ A
f2(x), []\ x ∈ B

� � Ä]�_dfi'V8V�c��_`6i'gb[]\_^a`b\_c�\��ªV,`6X S V�c��_`6^ª�_^a[]\ � eN¡È[]\ZV�c�k]�Z^ nqp]g�\_c f(n) = 2n ��� S'S �� U�k T � ¤ � R ¬]¬m§'^"\�ÄmU�^al]�_¬�eZ^¥�_^ � \Z^a�Z¬]\_kE�ªV8��X�^a�aV�`6X�df[rX � nq�rgN\�gZ� � X � gZX�c�§��Z^|^a� � �ZV � �
�=ÐÇÑrÒÈÒÆÓ�ÔWÑrÕZÖ�× � ¯o° v(t¦}�}G�W�+±w�6�_y�ØqÚ¦Û'� k

Ø'�� ��'�¸²�Ø�Ùª}�~ÈÚ¦Û1yh�_·
Ai

À]��zÃ�b��~�Û1yh� ¯ �_y ° }��Ù y�ØZtwvZx�Ù|���6twv_}�~W�_��z|�_z Àr�_·wÁ����W���'�� 
A = ∪k

i=1Ai

Ùª}��btwv�}�~W����z|��z Àr��·¸ÁZÜ
�¢Ù|~��_y]x�� ·¸�o}�� � c A [m\_^a`6\Zc�X�^aX�`6X�� � ¨rS'T V�iZdfiZ^ nqprgb��X�^�sr[ri SZT X�^|§(V�c��Zd�`6�|kml1X�kÅ[]\Z^ �`b\_c�X�^aV�§bX�^aX�`6U � sm\Zc�p � �_kE`��ak]l1X�kÅ[]\_^a`b\_c�`b�ZV�i1l1�ag�X�^aX�`6U � V � ¬ � � X�VfV�c��rg ��� i'd�`b�_^a�|�Vf\_k�\_c�X SZT X�V
[]\Z^|`b\Zc�iZgNX�^aX�`6X�� � g'X ��� §'V
�ak]l1X��rV�c�X�^=^ª� � nqprgEX�^�s � \ S'T �aV
^aX S'T X�kE`6�ak]l1X�k

i = 1, 2, . . . , k U�d � U�ghdfX Ai = {ai1, ai2, ai3, . . .}
� R c�p � �Zk A = {b1, b2, . . .} s¥\Z[riZ^�\

t �ak]l1X��h� bt X�^aX�`6X � \Zc�\Z^a�Z¬r¬r�%`6ehlriZk/lrX��]kr�ª�_^ nqprg���[]\ t − 1 = αk + β, 0 ≤ β < k¡ � \ SZT �aVY^aX SZT X�k β \ t − 1 V�c��_` k � � \_^ � \Z^|eNi'V�c � �ZVf\_gZi'd¢gZX�^|X � g'X�c�§N`b\_dQ\Zl1U�g1¤Gsm\Zg(g'iZd
bt = aβ+1,α+1

�
�R c � df� � �alrX�k ¨rS'T `6iZk]lonqp]g�s�[]i SZT�� U S XWV�V�c�X�d=`6X S V�cW�_`6^ª�_^a[]\ � ejX S'T X�kr^|§Y`6X S V�c��Z`��^ª�_^a[]\ � e � � [r[riZc�ÄmX�dfV�c�X's][ri SZT Ärd�XW�G�ac
nqX�^aX�k � U�V�X�^|X SZT X�kKgZU � V�cW�_`6i'VfVf� S V�c�iZdfc�\ � �_km\_g�s� ��� �ªV � i � �_¬]¬r��¡È\�� � �_^a^|� � �'V�[ri'cY[m\ZV�iZkr^ae(¤,�_^a^|� � �'V�i'g�\ � gZX�^|^aX�krX�¬�X�^ª� � kr� �

� X�` X�krk T �adfXY`b\ S � � eZ^�U�d � X � §1l1§]srlrX�� S \_c�\�gZ� � X � g'X�c�§��aV���"Ð�Ñ]ÒÈÒÈÓÈÔ�ÑrÕ'Öm× ���btwv�}�~W����z|�_z Àr�_·wÁ�}��W�6Ø�Ùª}�~ÈÚ¦Û1yh�_·
Ai

À]��zÃ�b��~�Û1yh� ¯ ��y ° }j��Ù y�Ø't�vZx�Ù|��bt�v_}�~W����z|��z À]��·¸Áo�Ç���W�'�� ��W~�twv_xZtG}
� · ° }
�'�o� ¯ ��v_x�Ùª}�� B = ∪∞

i=1Ai

Àr�_zÃ�6�W~�Ùª}¢�btwv�}�~W����Âz|�_z Àr�_·wÁ'Ü
�¢Ù|~��_y]x�� ·¸�o}�� � X�^|�'^ nq�]g�\_c�X S'T XWV�[]\_^a`b\_c�i'gbX�^aX�`6X�� � gZX ��� §'V��ak]l1X��rV�c�X�^

A1 = {a11, a12, a13, a14, . . .}

A2 = {a21, a22, a23, a24, . . .}

A3 = {a31, a32, a33, a34, . . .}���
`b\�n�lE\_c

�



a11, a12, a21, a31, a22, a13, a14, a23, a32, . . .

V�iZdfd�X�k]l1¬�X�k´¡�X S'T g'U�Ärc�X�^aX � ¬mX�^|��gh� SZT e � iZkm\_^%`6X�k � U�k¥s¥^ªl � \Zc�_¬rdQ� � ¤Y��X�^aX�^ � X�VfV��rg/`6X S
B X�^aX�`6X�� � N X�^|X�`6X��akrX�g � �

a11 a12 a14

a21 a22 a23

a31 a32 a33 a34

a41 a42 a43 a44

a24

. . .

. . .

. . .

. . .
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a13
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Àr�_zÃ�b��~W��btwv�}�~W����z|�_z Àr�_·wÁ'Ü

�¢Ù|~��_y]x�� ·¸�o}�� « X�^ T X�c�c��rg�\Zc A1 = {0, 1,−1, 2,−2, . . .} []\_^a`b\_c�¬m\Y\Zc
�'VfV�c�X�V�X S U�V�cV�c��_`6i � s'\Zc A2 = { 1
2 ,− 1

2 , 3
2 ,− 3

2 , . . .} []\_^a`b\_c�¬]\�\_cj�'VfV�c�X�V�i'^ T \_k � �Zd � X � s'`6X�^ T krX�g6\krX � X�c�§_nqX �YU�V%`b�_d�krX�` X SZT V�c�X�df�]V�� � [rX � §]s�\_c A3 = { 1
3 ,− 1

3 , 2
3 ,− 2

3 , 4
3 ,− 4

3 , . . .} ��¬]\�\_c�'VfV�c�X�VÇiZ^ T \Zk � �'d � X � sh`6X�^ T krX�g\�krX � X�c�§_nqX���U�V8`b�_d8krX�` X SZT V�c�X�df�]V�� � [rX � §�V � ¬ � R c�X�g`6X S V�cW�_`6^a�Z^|[m\ � e(\_g�s�[r�aV�cÅX�^aX�`6X��|g'X � ��X�^ � p]lonqp]g V�iZdfiZ^akr� ��� SZT `6X S V�cW�_`6^ª�_^a[]\ � e+V�iZgl1�ªV�c�nqprkrg � Ai []\Z^|`b\_c�[riZcÇnqp � p]krg�s1`�X�^ T X�gbX SZT XWV�� � UWV�XYU�ÄrÄ Q s � X�[m� � \_^ago\Z^|`b\Zc�[]\ � nqprg\�� � �Z^|^a� � �ZV ��� �
�=Ð�ÑrÒÆÒÈÓÈÔ�ÑrÕ'Ö

N � }Q}�~WtG} ¯o° v(t¦}�  ° }�~fÀ]��zÃ�b��~W�_Ù y����K��Àr�_zÃ�6�W~W�Ùª}��bt�v_}�~W����z|��z À]��·¸ÁZÜ� c��Z^|^a� � �ZV�df\�gZU � ¬r�ac�iZk T � � �ZV � �aV
¬�X�`�p � \ � prk]g �	 Üm�GÙ|~W�_y]x�� ·¸�o}�� « X�^ T X�c�c��rgYX SZT Bk []\Z^|`b\Zc�¬]\
\Zc�iZk � U S XWV�d�UWV�c�[]\_^a`b\_c�iZg�\ � s¦`�X�^ T X�g^aX S km\ SZT iZ¬r¬KX�^|X�`�X k
� Î �ak]l1X�k k �wdf\ Bk

� U S X�V � R c�X�gKp � �_k N �'VfV�c�X�V � U S X�V¢dfU�V�c�[m\_^|�`b\_cW� � ��X�^ � pmlonqprgKV�i'd�i'^|kr� ¨rSZT sr[ri S'T X�^|§(V�c��Zd B1 s]`b\_n�l B2 s]`b\�n�l B3 s�V � ¬ � X�^|X�`�X�� �V�iZdfiZ^ nqprg6��X�^Ç¡Æ\_c�X SZT XWV Bi ��g'X�kE¬mX�^|�r^ � X � V�c�§Z^aX S X�V
V�iZdfd�X�k]l1¬�X�k � �
 Ü8��Ù|~��_y]x�� ·¸�o}���� X�k]lrX�^ nq�rg�\_c N
� \_^ª\_`6X�^ T H = {h1, h2, . . . , ht}

� U S XWVjdfU�V�c�[m\_^|�`b\_cW�_[ri'c�¡È\_[]iZ^m\Zc
X�^aX�`6X�g'X � k]� � X�g � §�V�iZdfdfX�k]l1¬�X�kbV�iZdfiZ^ � prg���X�^ ¤�\ 2h1 ·3h2 · . . . ·pt
ht
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0, v31v32v33 . . .���
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�¢Ù|~��_y]x�� ·¸�o}�� ¡�ÌW¤ � X SZT X�k H ′ = (a, b) X S'T´y]x�� zÃ· �ak � X�d � \_^a^|pr`Ks%\_[ri'^ a < b
� R kr�

krX�guX�^aX�`6X�� � \_c x 7→ π(x−a)
b−a

− π
2 ��� S'SZ� U�k T gZ�Z^ª��V��Zk]�'V�X�k³X S'T U�d � X�^|`��rX�k � � � �ªV�c��
\
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� U S XWV�s m `6X S V�c��Z`6^a�Z^|[]\ � e�U�V k gZiZk � �|khprpr` V�c��_`6i(V�Vf� S s\_ghg'iZd��'VfV�c�X S �rghd�X's®�|^a^ � V�c�iZdfc�\ � prghdQ\K\ v + m = m + m = m s v + k = m + k =
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�¢Ù|~��_y]x�� ·¸�o}�� �
|H | ≤ |2H | �_^a^|� � �'V�k T �|^ � �_k � \_^ae]s�`6� � X�^�`6�|k]lrX�k a ∈ H XWV�X � U�k

{a} ∈ 2H s � \ S'T �aV
\Zc a 7→ {a} g'�Z^ª��V��Zkr�(V�X�k�X S'T U�d � X�^a`���`6X S ��X�^aX�^ � X � UWV H X�^aX�`6X��"U�V
H

twv_xZt�z|t���� dfU�V�c�[m\_^a`6\Zc�\Z��gZ�'c�� �����¥¶ kml1�|dfX�g ��� X S'T �]g���X�^Æs�[ri S'T ^aU � X�c�krU�g+iZ^ T \Zk f :
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� ¡ � i'k]l1iZ^ nqprg � U S � S s][ri SZTÄr^ � \_c f−1(∅) X�^aX�` ¬r�ac � i'V�gZU�gÅU�V�\_c f−1(H) X�^|X�` ¬r�|c � i'V�Är�adfi'V � ¤ � X�^|�'^ nqX P UWV K\_c��(V�V�c�XWV,Ä]�|dfi'V�s1�|^a^ � gZU�gX�^aX�` [m\_^a`6\Zc�� ���Î � � X�^ K ⊆ H s=X�c�U�d � K ∈ 2H s � X�[m� � ^aU � X�c��ag+X SZT k = f−1(K) X�^aX�` H ��¬m\_k �R c�krX�` ^aX�[]X � Är�|dfi'V�¡�`6X�d � \_ghgZi'd k ∈ f(k) = K `6�ª\ ��� K
� \_d � \Z^|`b\Zc�k]\bX SZT Är�ad�i(VX�^aX�`6X � �aVQ¤¦sZlrX
gZU�g�V�X�` ^|X�[rX � s_[r�ªV�c¢\ZghgZiZd k 6∈ f(k) = K `6�a\ ��� Är�adfi'V�k]\_g�l1X��]kr�ª�_^ � prg� i'^|km\ � � g�\_Ä�i ��� X�^|^aX�k � `�i'k]lr�'V�¬r�|c�iZk T � � n�\6�_^a^|� � �'V�prk]go\ ��� �

R � U � X�^a¬m§'^�\Zc�iZk]k]\_^�gZ� � X � g'X�c��|g�s_[ri SZT kr�ak]��VÇÉ¸^|X S k]\ SZT i'¬r¬ Ê V�cW�_`6i'VfV�� S s_[]�aV�cj¬]�Zd��`6X�^ T V�c��Z`�i(V�Vf� S'¨ H []\_^a`b\_c�[]iZc8^|U � X�c��|g�X S'T k]�_^ª\�k]\ S'T iZ¬]¬�V�c��_`6i(V�Vf� S'¨ 2H []\Z^|`b\Zc�ªV � Ï�ÏmÐrÑrÒÆÒÈÓÈÔ�ÑrÕ'Ö�� twv�}�~W����z|�_z Àr�_·wÁ�Àr�_zÃ�6�W~
Àr�_· ¯ ��ymx�Àr��z �6�W~�� ° � � �'��ym· � ymÛ1Û1� }�~W���b�o}¦Â}���vZ�]Ü

�



�¢Ù|~��_y]x�� ·¸�o}�� � ¡ � U S � X�^aX�k�¤ � �|c�X�l1XWV � �Zd � X�g�`6�|k � �_n��_dQ\N\Eg'X ��� X�V�V�c��Z`6d�X�k]lrV�c�X�df¬�X�k�ªVjl1X��]kr�ª�_^a[]\ � ebX SZT iZ^ T \ZkE�adQ�ZV�`�e1l®s1`6X�^ T ¬�X�k�Är^ � 0, 1
� \ S'T �ªV 0, 10000... \Zc 1

2
s 0, 01� \ S'T �ªV 0, 010000... \_c 1

4

� �Zd � X � nqX�^a�Z^a� � � iZkml1iZ^ nqprg � U S � S sr[ri SZT Ä]^ � 1
3 = 0, 010101...� \ S'T 1

5 = 0, 001100110011...
� � `�X�^ T V�c��Z`�i'ghdf\KX�cN\_c��|dQ�ZV�`6ehl³k]X�` X S'T U�d � X�^|`��¡�Ä]^ � 0, 1000... = 0, 01111... ¤Gsri ����� X�gh�ak � V��rg�`6�ak]l1gZU � ^|X�[rX � §'V�U S X ���� SZT \ (0, 1) �ak � X�d � \_^a^|p]`�¬]\ � \_d � i'c�e � \_^ae'VKV�cW�_`6iZg´[]\Z^|`b\Zc��_km\_g´`6�|k]lrX�k X�^aXG�`6U�[rX�c�[riZc�c��_dfX�kml1X�^ � �rk]g�X SZT�� \ S'T gZU � 0, a1a2... ��X�^|�adQ�ZV � s � \ SZT �ªV�X SZT�� \ SZT gZU � l]\_dQ\_¬

(a1, a2, . . .) Ë��QÌbV�i'd�i'c�\ � i �W� � cb�'VfV�c�X�V��a^ T X�kuV�iZdfiZc�\ � i'gE[m\_^a`6\Zc�\ � X�[]� � g'iZk � �akhprpr`V�c��_`6i(V�Vf� S'¨ � Î �|kml1X�k��a^ T X�k�V�iZdfiZc�\ � X SZT U�d � X�^|`��rX�k�`6X S [m\ � �Zd�i'c�cW\,\ � X�df`�UWV�c�X � X�V®V�c����`6iZg N []\Z^|`b\Zc��_km\_gY\Zc � \_c Xa dfU�V�c�[m\_^a`6\Zc�� � s�`6X�^ T ¬�X�k j ∈ Xa \Zg(g'iZd"U�V���Vf\_g�\_ghgZi'd� X�^ nqXWV��]^Æs�[]\ aj = 1 s]UWVj`6�ak]l1X�k�d�UWV�c�[]\_^a`b\_c�Ä�iZk � i(V�\ZkÅX S'T ��U�^|X��|^ T X�k�V�i'd�i'c�\ � ¬�eZ^=�Z^|^X�^a§ � R c�c�X�^¥¬�X�^ª� ��� prg�sr[ri SZT \ 2N V�c��_`6i(V�Vf� S \�gZi'k � �ak(p]pr` � �
� X�i'd S � \_k � i'd�\Z^a\ZÄmi'c � \`6X S \N[]\_^a`b\_c�X�^|`6U�^|X � X � Ì � � �NU�V�Ì ��� � g'�Zc�� ��� ��l1iZ^ S iZ�c�\ � \Z�|¬]\Zk �®\_c6� ��� �ªV�`6X�d � X � X ��� \_^ª\_Är��i S \Z^|`b\ZgNUWV � U � X�^aX�g�nqeEdfU�V�c�X � §'^|XbV�c��Zd�`b\_c��|g ���\_c ℵ nqX�^aX � ¡Èg(�a`6iZk]l � \]�'\Z^|X��f¤¦sh\�[rU�¬mX�d,�_¬�U���U¢X�^ªV�§�¬mX � ��nqU � � X�c�X ��� X
¬mX�\�V�cW�_`6i'VfVf� S i'gnqX�^a�Z^aU�V�U�dfX � � `6X S V�c��_`6^ª�_^a[]\ � ebV�cW�_`6i'VfV�� S i � ℵ0 � � \_^�sr\6dQ�_gZ� � X � gZX�c�§ � ℵ1 � SZT X�^�s1`6\_n�ldfX�ghprdfc�� � \Zk�`6�|k]lrX�k k X�V�X � U�k�\Zc ℵk ��dQ\¢dQ�_g'� � X � gZX�c�§ � ℵk+1 � SZT X�^�nqX�^a�Z^ � X � � Ì�Ë � � ^|^a� � �ZVV�c�X�df�ak ��� X�[]� � `6�ak]l1X�k k ��dQ\ � X�^ nqX�V��r^�sr[ri SZT []\ X V�c��Z`6i'VfV�� S \ ℵk s]\_ghg'iZd |2X | > ℵk

�
¡ � X�` ��i S ^ª\_^agZi'c�prk]g\�É¸dQ�_gZ� � X � gZX�c�§ Ê gh� ��X�nqX�c�UWV
Ä�iZk � i(V�`6\ SZT \_dQ�_c�\ � � � \_^ � ¤

�¢S'T \Zk]��Vf\_g � \Zk � iZd6��i S \Z^|`b\_c � \³`6X S \Zc ¨ k � �Z�_y]· � y]Û1Û1��ÀhÙ � ��· ° ~�Ùª}¦·Æ� `�X�^ T V�c�XG�df�|k � \�g'iZk � �akhprpr` V�c��_`6i(V�Vf� S U�ÄrÄ ℵ1 ¡ � \ SZT �ªV,[m\�X SZT6� U S � X�^|X�kNV�c��Z`�i(V�Vf� S g(�ªV�X�¬r¬E\gZi'k � �ak(p]pr`6k]�_^�sr\_ghgZi'd8\Zc�V�c��rg1V�U S gZU�ÄrÄ�`6X S V�c��_`6^ª�_^a[]\ � e(¤�� �� Vf\_gÅ\[hp]V�c�\'l1�|gÅV�c��Zc�\Zlr¬]\_k�lrX�df�r^ � gh�Æs�[ri SZT X�c6\�V�Xqn � U�V�V�X�krX�` � S \_c's�V�X�k]X�`[]\Z`��ªV�sm[]\ZkrX�` t�z|Ø � y]·�Àrt�·wt�·ÆzatGy � « \N\[]\Z^|`b\_c�X�^a`6U�^aX � \ �h�aiZ`b\ � �ag(pmV
��X�^aU�Ä]� � U�V�X�V�iZdQ�_k\�V�c�i'go�'V�i(V�\��1�aeZ`b�_gh[ri'c8Xj[r�|Ä�i � U�c��aVÇ� S \_c�Vf� S � � � \ S'T []\Z`��ªVfV�� S � � s�`6�|k �Ç� i � �_¬r¬r�m\��1� �eZ`b� � [ri'c�c�� � X�VfV�c��rg�sÇ\_ghg'iZd�g'U � iZ^ T \_k \ �1�|e'`6\Zd�X�k]lrV�c�X�d � g�\_Ä]prkrg�s�`�X�^ T X�g´Ä�X�dQV�c�XX S'T `6�'V � gh�ac��_dÆn��_g�s1l1X�X S'T �|gh�rg�V�X�` � \Zd � \_^a`6\ZcYX�^|^aX�k � `�i'k]lr�'V �W�
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